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ON TuoMAE's ORITERION 


BY 
GANESH PRASAD 
(Univérsity of Caleutta) 


The object of the present paper is to examine Thomae’s criterion* 
with a view to find how far it is helpful in the solution of thé problem 
studied by me in my first paper,t “On the fundamental theorem of 
the Integral Calculus.” Unless the contrary is explicitly stated, 
throughout this paper by dh ifitegral is #0 bé understood Riemann’s 
integral. : 

1. Let f(t) be any function integrable in the interval (0; #) and 
let J(£) be a function whose differential coefficient is { f(t)/t}. 
Then, considering & to be gréater than 0, 
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* Bee Git. Nachrichten for 1808, 
pp. 118-114, 
+ This Bulletin, Vol. XVI, . т. 
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2. Let F(z), as usual, stand for 
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aE ay у к . 
Then, provided das: € J (є) tends to ð amd J РИ із imtegrable in ће 
nterval (0, а), by making є tend to zero we deduce from (A) that 
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F(—0) = Lim. Y) s Lim Ll sey 


Hence follows Thomae's criterion, vis. , that F (0): exists and equals 
zero provided that J(2) tends to zero as z tends to 0. 


8. The condition that J(#) should tend to Zero is not necessary du 
the existence of E'(0), For, consider the function f( for which 


J(£) = cos А log д 4 > sb Wç. : Ë 
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Then J >= ` 


HA = эы 

9 2 J'(t) = at s 1 } БРТ 
log — j AY IA 

and | | | » ~ 
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Therefore f(£) i8 в m function at #=Q and, consequently, 
F'(0) exista and equals 0, 9 
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monotone function in the neighbourhood of t=0 ‘and J š 1, Е! (0) e exists 
and equals 0, if 


- ae CN : 
Pe) log Poc 
and does not exist, if 


ў Ў - W(t) = log 


Proof :— 
F= - V(D) sin YO), 
вео. Р iaj sii VD). 
Oase (i) Let — y(t) 2 log $; 
I E 1 
then 0. verg ` 
t.e. A(t) < I 


atid, consequently, f(t) is continuous at #==0 and I (0)=0. 
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Oas (i$) — Let W(t) > log. š 


Then (B) of 8. 2 holds. Now, as proved in my first paper, 


а 
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0. 
has в differential co-efficient af 2—0, which equals 0; and, therefore, 
Lim 'F(z) .: Lim 
^ z=0 @ m 2-0 Jt в) 


which is non-existent. 
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Then (B) holds and using the results of my first paper it ig evident 
that F’(0) is non-existent. 


5. Let 
J(#) =x(#) cos (£), where x(£) #1. 


Also let x < L then (B) holds. A detailed trestment of this 


case will be given in another paper. The following examples are 
intended to illustrate certain peculiarities :— 


1 ү 1 ү I 
Hz.1. Let J) = (81, ) сов (юз, ) ; then Е(0) is 
existent. 
1 ү 1 ү 
Ех. 2. Let J(0 = (ied ) cos ( logz, ) ; then FO) is 
non-existent. 
de 3) Lot J(D = (єз ) co} log ar then F'(0) is non- 


existent. 2 


6. It may be concluded that, although Thomae’s criterion is valid 
even for Lebesgue’s integrals, it is essentially an insufficient guide in 
most cases for testing the existence or non-existence of F'(0). 


ERRATA 
In $. 5 of the first paper read 
hasnot ` for has in Ex. 1 and Ex. 4. 
p for zero in Ex.2; 
at for 267002 in Ux. 4. 


Bull. Cal. Math. Soo,, Vol. XVIII, No. 1 (1927). 
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ARYABHATA, THE AUTHOR OF THE “ GaniTa” 


BY 


BIBHUTIBHUSAN Darra 
(University of Calcutta) 


The Gansta and the Aryathatiya 7 


The (бата is the title of а chapter of the extant Aryabhapfiya.* 
This book is divided principally into two parts. The first part contains 
10 verses in the Giti metre. The second part consists of three chapters, 
entitled the Garita, the Küla-kriy& and the Gola, containing respec- 
tively 33, 25 and 50, altogether 108, verses in the Агуа metre. There 
are also three other verses in the same metre, two being introductory 
to the whole book and the third forms an adjunct to the first part, 
being put at ite end. From the total number of verses as well as 
from the kind of metre used, the two parts are sometimes named 
separately as the Daéagitikü and the Arydgfagata. These two names 
are found for the first time in the 'Brithma-sphufa-stddhanta of 
Brahmegupta.t The Aryabhatiya is the name given by its awthor to 
the whole book. This book has sometimes been called the Fires 
Arya-siddhánta, or the Laghu-Arya-siddhanta by the later Indian 
mathematicians in order to distinguish it from another Arya-siddhanta 
which has consequently been called the Second-Arya-siddhanta, 
the Mahd-Arya-siddhanta or simply the Mahd-stddhanta.t The two 
authors are namesakes; but they lived in ages separated by 
several centuries, In accordance with the accounts given in the 
Aryabhajiya, it has now been generally accepted that its author, 
Aryabhate, was born in 476 A.D. at Kusumapura (near Patna).§ 


% Aryabhatiya, ed, Kern, Leiden (1874). 
+ Brühma-sphwta-siddhanta, ed. Sudhakara Dvivedi, Benares (1902), oh, xi, 
verse B. ` 


Í Maha-siddhanta, ed. Sudhakara Dvivedi, Benares (1910). 
§ For an uncertainty about the place of birth gee p. 7 footnote. 
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Nothing is known definitely about the age of the second Aryabhata 
except the fact that he was anterior to the celebrated Bh&üskara 
(b. 1114 A.D.) who bas referred to him.* In theopinion of Sankar 
Balkrisna Dikshit + and Sewell} He lived about 950 A.D., whereas 
according to Sudhaküra Dvivedi§ Hë lived in the period 991-1114 A.D. 
Bentley, followed also by Bhau Day, mistook him as belonging to the 
fourteenth century.|| 


, 


Conjecture of Kaye: authorship of the Qanita 


Contrary to the opinions of such distinguished savants as Bhau 
Daji, | Kern,** Weber,tt „Rodet sf} Thibaut,§§ Sankar Balkrisna 
Dikshit,|||| Sudbakard Dvivedif] and Fleet ‚+ Kaye +++ conjectures 
that the (anita is the work of a writer of the 10th century, whom he 
identifies with the “ Kryabbata of. Kusumapura » of AlBiruni. n3 


ta 


Š Bhaskara, байаа шм, 64: E Deva Bastri ай L, йөр, 
байбайа cial; Grahiagainita, Baia, varie 68, (Paanabhaqya). 


1 8йшїшє Balkrienia Dikshit, History, of Indian Astronomy, Poona (4895), p. . 380. 
in. Sewell, The Biadnantas | and the Indian Calender, Caleta, (1924), 

Pref, P. ix. 2 ; 
$ Mahd-sidahinia, loc. вй, Contente; pP. 22.28, x: СГ 


lI J. Bentley, Historical View of fhe Hindoo Astronomy (1826), р. 128. For, referonos 
to Bhau Daji vide infra. E "m 


Bhau Daji, ss Brief Notes on the Age and Authenticity of the works of Ary 
bhate , ete,’ i Journ. Roy. Asia. Boo. (i888), j Р 808. Ж ; ay 


a Vide Brhat Samhits, ed, Kern, Galoutta (1885), Pref. a P. Bo. . 

tt, A. Weber, History оў. Indian Literature, trans, Mann & Zachariae, London 
(1878), pp. 257°8. Da жоме - | 352: PM 

tt L. Bodet, “ : Leçons d de caleul аА ушћа," Journ, Asiat. (1878),-p. 872, 

§§ G. Thibaut and Budhakara Dvivedi, Pafíca-siddhüntská, Introduction, y Hen 

Ill Bwnkar Balkrisn& Dikshit, loo cit., p. 190 io : 

GY Süühakars Dvivedi j бараба Татайфїлї, Bonares (1899); p. 2. ^" 

"е J, F. Flecb, “ Aryabhafe’s system of expressing numbers,” Joum, ж Asiah 
Воо, (1911), p. 110. 


ttf G. В. Kaye, ‘ Notes on Indian Mathematics, No 2—Äryabhata” 2 Journ. Asiat, 
Soc. Beng. (1908), p. 111; “ The two Aryabhafas," Bibl, Math. (1910) xiii; Indian 
Mathematics, Oaloutta pr». p. 11. The second paper is not available to me; I 
have seen an abstract of it in the Jahrbuch &. 8. Fortachritte 4. Жай. (1900), P. T 


11 ALBirenfs ndi, ва, E.O. Sachau, vola. I & I1 (1910). 


" 
4 


ее 


` 
! 


' 


ARYABHATA, THE AUTHOR OF THR 'GANITA" i [/ 
EOM + MUNI 4o: ACL = a 


The, rest, of the Aryabhatiya b has been, attributed by him to the same 
Aryabhata t to whom hes it, been done by all other writers. He further 
presumes his new author to be identical with the author of the , Maha- 
вама. “The grounds on which Kaye has based his conjecture may 


лч ie кё у nho sua сая Ж, flo: 
be summed ар as fol ow: — 


d) ‘AL Biruni pe referred to two Aryabhatas, the elder 
Aryabhata- and Aryabhata of Kusumapura ; the latter, a 
follower of the former. 

(2) In the Mana- -viddhinta “also we find its author Aryabhats 

f expressing his ‘indebtedness to one "Vrddha (elder) 
Aryabhate ata, — 

(8) It has been slated i in the opening verse of the Gaita that it 
was written by Aryabhata at Kusumapura. * 

(4) “Though Aryabhata has been quoted copiously by Varāha- 
mihira, Brahmagupta, ‘Bhattotpala and Bhaskara, none 
has drawn any quotation from the Gamita. The earliest 
writer to quote directly from the (айа is Caturveda 
Prithuduke. Swamif: -~ : 


ewe oe 


б the 10th. century. À. р. . 


‘ ee E te 1 1 
Objections against Kaye’s conjecture 
‚ш, 282, oe „б 057 


Against this conjecture of Kaye, there are several serious objec- 
tions, to some of which attention has been drawn elsewhere.[ It has 
been shown there that Kaye’s conjecture is unwarranted and also 
without any_foundation for the. following chief reasons amongst 
others :— . 


Чч) None of the quotations attributed by Al-Biruni to his 
Aryabhata of каанны is.from the Сата whereas 


* The original is 


It сап be interpreted i in two ways: the first to | mean that Aryabhate wrote his 


ШЙ 
book at^ Küsumapüra ; ‘the ‘second tò mean that Aryabhata. Wrote in his book “the ^ 
knowledge acquired at, or ‘cultivated’ in the school of; Kusumapura,"' >; | P 


H the cates pen? be accepted, the ple of birth of Aryabhata becomes ™ 
uncertain, . I 

+ d. Rave. mane loc. cit, p. 118. 

£ Vide Bibhutibhusan Datta, ' Two Aryabhates of Al-Biruni,” Bull, Gal, Math. 
Вос., Vol 17 (1926), р. 89, 


+ 


(2) 


(8). 


(4) 


(5) 


(6) 


(7) 
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alinost all òf them аге found to -ha¥8 besi drawn möte 
ot léss freely frém the other patts of thé Aryabhaptya: 

There is is nothing common, оп the contrary, ihers aro many 
things contradictory between Arydbhaziya and the Maha- 
siddhanta. So it is very doubtful whether the author of 
thé latter had in mind the author of the formar while 
éxpressirig his indebtedness to Vrddha Aryabhata. 

There is nothing in the Mahd-sddhania, nor anything has 
béén во far found elsewhers to hiüt that its author 

. had at any time anything to do with Kusumapnra, 

Brahmagupta -has stated the Qamta to be a section of the 
work of Aryabhata criticised by him.* 

According to the accounts given by Al-Biruni; his Aryabhata 

- of Kusumapura lived before the eighth century A.D.; 

he might have even been anterior to Brahmagupta (b. 
598 A.D.). i 


Neither did Al-Biruni himself, nor did i any of his Indian 
informants see the original works of tlie either of his 
two Aryabhatas. АП his informations about them were 
drawn from various secondary sources, Indian as well 
as Arabian, about the faithfulness of some of which he 
had occasions to question. ^ 

The quotations ‘attributed by Al-Birunito either of his 
Aryabhutas have, save в solitary exception, more or less 
close parallels in the extant Aryabhafiya. It is learnt 
on the authority of Bhüskara that thé excepted instance 
embodies the opinion of the Puranas. Во it is very likely 
an instance of false identification by Al-Biruni. 


From all these facts we were led to the conclusion that Al-Biruni did 
make some confusion. Hither, he made confusion about their works 
and then quotations emanating from one prime source were assumed 
and referred to by him as being from the works of two writers. Or, 
he made confusion about their ‘persons and then represented the one 
and the same individual as. two different persons of the same name. 
This latter opinion is also shared by Sankar Balkrisna Dikshit.t 


The object of the present paper is to examine more closely the 
uncertainty introduced by Kaye about the authorship of the болѓа and 


И 


'5 Vide infra, p. 16, EN 
t Sankar Balkrisna Dikshit, loo. ctt., Б ootnote, 


B i ` 
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thus-to establish the validity-of the texte attributed to Aryabhata (the 
elder), -For unfotunately this conjecture of Kaye-has got some 
adherents here and there, especially amongst those who have very little, 
or almost “nó, opportunity to acquire first hand knowledge of Indian 
mathematics on account of- the difficulty of the Sanskrit language as 
well as of the paucity of printed materials. It is found that Kaye is 
utterly wrong and that the Gagita is the work of Aryabhata referred to 
and criticised by Varéhamihira, Brahmagupta and others. 


‘Mesrepresentation by Kaye: Contradscted 


Kaye remarks: “ Neither does Bhüskara refer to Aryabhata any- 
where in his mathematical works, although Colebrooke (p. iv) says: 
‘He repeatedly adverts to preceding writers, and refers to them in 
general terms, where his commentators understand him to. allude to 
Aryabhata, to Brahmagupta, to the latter’s scholiast Chaturveda Pri- 
thudaka Swami and to other writérs above mentioned'."* There ів a 
tissue of misrepresentation throughout the whole passage. Kaye 
would impress upon hia readers that Bhüskara has referred to many 
writers preceding him but not to Aryabhata. Не has called upon the 
authority of Colebrooke— with whom he is hardly in love—to come to 
his help in this matter. It is unfortunate that Colebrooke has been 
thus misrepresented. It was never the intention of Colebrooke to say 
that Bh&skara had referred to many previous writers'but not to Arya- 
bhata. For the lines written by him, immediately preceding those quoted 
by Kaye,run as follow: “ Towards the close of his treatise of Algebra, 
` Bhüskara informs us, that it is compiled and abridged from the more 
diffuse works on the same subject, bearing the names of Brahme, 
(meaning no doubt Brahmagupta), Sridhara and Padmanābha; and in 
the body of his treatise, he has cited a passage of Sridhara’s Algebra 
and another of Padmanabha’s.”t Thus what Colebrooke states is the 
fact that without the help of the commentators we can know that in his 
Algebra Bhüskara has referred by names only to three writers preceding 
him. However, this controversy can arise only if we confine ourselves 
to Bhüskara's Algebra. But in his bigger work Stddhanta Siromans,t 


* Kayo, Aryabhata, loo. cit., p. 118. 

+ Henry T. Oolebrooke, Algebra with Arithmetic: and ` Mensuration from the 
Sanscrit of Brahmagupta and Bhascara, London (1817), р. iv. Е 

f In fact, Bh§skara’s Lilávats and Vijagayita are but earlier parts of this work, 
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Bháskara has referred to Aryabhata on severalocoasions. Two of the 
instances are of immediate interest to us as being from the Gaita. In 
опе, * Bháskara has quoted Aryabhata’s value of the ratio of the 
eireumference of a circle to the diameter, viz., 62832/20000. He 
has himself adopted this value, after a simple reduction, as being 
an accurate one.t In another instance Í Bhaskara refers to the 
inaccurate expression for the volume ofa sphere .as found in the 
Aryabhatiya (Ganita-pada, verse 7). E 

On a different occassion, referring to Aryabbata’s value of =, Kaye 
remarks that “it was not used by any other Indian Mathematician 
before the 12th century and that no Indian writer quotes Aryabhata 
as recording this value.”§ This again is wholly untrue. It has been 
just pointed out that Bhaskera has quoted Aryabhata as recording 
this value. And against the first part of the above remark, it may be 
stated that Aryabhata’s value of т was applied by Varahamihira 
(505 A.D.) and Lalla (0. 578 A.D.). This latter author has declared 
himself to be a disciplejof Aryabhata. It was used by Bhattotpala 
(966 A.D.) in his celebrated commentary of Var&hamihire's Brhat 
Samhitü.| On the authority of this writer we also learn that ib was 


* Bhaskara, Siddhánta-Siromati, Golàdhyüya, Bhuvanakoéa, verse 62 (Vasand- 
bhāşya)} .. x о ; | 

+ Siddhanta Ñiromani, Grahaganita, Candragrahanüdhiküra, verse З (Vasand- 
bhagya) and Lilávati, ch. iv, verse 40, 

1, Vjde Siddhanta-Siromani, Goladhyaya, Bhuvanakoéa, verse 62 (Vasanabhagya). 
“oq зи: Sanaga Wawa че эрге «пв, sq meager: vong aereum? 
Sudhakara Dvivedi contends : “Tt ів clear by тон that Bhdskara had not seen the 
work of Kryabhata qraiydig”’ (Maha-siddhanta, loe. cit, Contents, p. 22; also 
compare Gagaka Tarafgini, pp. 36-87). Such an inference seems to be hardly 
fair. If Bhiskara had not seen the Aryabhatiya how could he know that in 
the instance in question Oaturvedic&rya had recorded the opinion’ of another. 
If the latter had recorded it himself, there wonld have been no need for 
Bhüskara to add a similar remark. The real fact seems to be this: Catur- 
ved&olürya quoted the -passage in question without recording his authority. 
Bhüskara was aware that the result was inacourate, He added the above remark in 
order to save Oaturvedüoürya from the blame of others who may, throngh their own 
ignorance, accuse him of establishing such an inaccurate result, However, we 
know it from many other references by Bhüskara to the Aryabhafiya that he must 
have seen this latter work. 


§ Kaye, Indian Math., loc. cit., pp. 12-18. 


|| Brhat Sagshita with the commentary of Bhaptotpala, ed. Sudhaknra Dvivedi, 
Bepares (1895), pp. 58-55. 
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applied in the recasted PulíBa-siddhania. Thus if reference to Árya- 
bhata’s value of ~ be taken as the determining factor for the date of 
Aryabhata’s (ата, wherein alone it is found recorded, it must have 
^to be admitted that the author was anterior to Var&hamihira. There 
are also other facts to confirm this conclusion. 


The quotation from Prithudaka Swams examined 


While translating a certain passage of the Brühma-sphufa-siddhanta, 
Colebrooke quoted а comment of Prithudaka Swami wherein the 
eminent scholiast has pointed ont how Aryabhata has denominated 
certain thing differently from others, “what is termed by us ‘diamater 
less the arrow’ is by Aryabhata denominated the greater arrow. 
For he says, ‘In a circle the product of the arrows is equal to the square 
_of the semi-chord of both arcs’. * Kaye thinks this tobe “the first 
purely mathematical quotation" from the (алда and then presumes 
this work to be a product of the 10th century A.D.t So faras is 
known there lived in this century one Aryabhata, who is reputed as 
the author of the Mahd-siddhadnta. But he certainly is not the writer 
referred to by Prithudaka Swami in connection with the passage in 
question. For the author of the .Mahá-siddhünia too has denominated 
the same thing in the same way as Brahmagupta,f viz., 


Chord= 4/4 (diameter—arrow) x arrow. 


In fact, excepting Aryabhata, the author of the Garita, all the" tfher 
Indian mathematicians have used similar denominations in this matter. 
If Kaye had read Colebrooke’s Algebra a little more minutely he 
‘would have noticed that it contains other passages also from Prithudaka 
Swami's commentary which have reference to Aryabhata’s (ада: 
‚ Опе (р. 280 fn.) is to the definition of the cube (бала, verse 3) and 
.the other (р. 294 fn.) to the volume of a sphere (Ganita, verse 7). 
-These also are special to the Обала only and thus different from the 
corresponding matters of the Mahd-siddhdnta. Ав has been already 
pointed out, there are sufficient reasons to think that the Gagita and 


* Colebrooke, Algebra, p. 809 footnote. The reference of Prithudaks Swami is to 


the Aryabhafiya, Gamta-pada, verse 17, m a 


t Kaye, Áryabhata, loc. cit. р. 117; Two Aryabhatas, loc. cit. 
£ Of. Mahü-siddhünta, lec. cit, oh xv, verse 98; also Brühma-ephuta-siddhánta 
loc, cit., ch, xii, verse 41. b ON 
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the Mahd-stddhinta cannot be works of the same brain.* So the 
reference of Prithudaka Swami is to that Aryabhata who was known 
to and was relentlessly criticised by Brahmagupta and whom he had 
defended on many occassions against these onslaughts.t 


Testimony of Aryabhata’s scholtaste 


Let us now see what testimony is borne ав regards this matter by 
the scholiasts of the elder Arybhata. There can be no doubt that their 
testimony will be very valuable in deciding the date of the Ganita. 
Uptil now, we know the names of four scholiasts, Bhaskara (a name- 
sake of the celebrated author of the Stddhanta-Stromant ), Stryadeva, 
Parame$vara, and Somefvara.{ All of them have commented upon 
the Gaita as & section of the Aryabhatiya. So we get iton their 
unanimous testimony that the Gama was written in 499 A.D. by 
the elder Aryabhata. Now Parameávara lived in the 15th century 
(с. 1430 A.D.).§ Itis not impossible for him to get confused about 
the authorship of a work, however well known, written at least five 
centuries before. Бо his testimony may be put aside as not of much 
weight in settling the present controversy. Such is also the case 
with Ботев'уага whose age is not definitely known. The commentary 
of Bhiskara is not available at present. But he has been “ repeatedly 
cited” by "Brithudaka Swami (o. 975 A.D), and by Somegvara. 


~ Yide “Two Aryabhatas of Al-Biruni,” loc. cit, pp. 66-67, There are certain 
mathematical formule which are correct in one book but incorrect in the other. 
These make it extremely difficult to establish a chronological sequence between the 
two books, which is essential for the assumption that they were written by the 
same man, 


+ Prithudaka Swami seems to be an ardent supporter of the elder Aryabhata. 
He has not only defended this latter writer against the severe oritioism of Brahma- 

` gupta, but what is of still greater importance is the faot that, of all the Indian 
writers he and he alone has supported Aryabhata’s theory of the motion of the 
earth. Bo it is natural for him to compare and contrast, now and then, the terma 
and results of Brahmagupta with those of his favourite author. 

{ In the Berlin Library there is а Ms. of a commentary of the DaéagWiká by 
one Bhütavisnu. As we do not know whether he wrote в commentary of the байа 
as well, we have ommitted his name from this list. 

§ Vide ParameSvara’s Goladipika, ed. T. Ganapati Sastri, Trivandrum (1916). 
His commentary of the Aryabhatiya has been printed.by Kern, loc. cit. Не has 
been wrongly called Pramadi§vara by Kern and certain other writers, cf. Ganaka 
Taratgini, loc. cit., p. 6 fn. 
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He thus becomes at least a contemporary of, if not actually anterior 
to, the younger Aryabhata (с. 950 A.D.).* It is highly improbable 
that he would display so much ignorance and commit ‘such а 
mistake in speaking of the work of a contemporary writer, if the 
(asia had happend to be so. For, if the name and fame ofa writer 
is not well spread and if the value of his work is not highly appreciated 
by the intelligentsia of the time, or at least by an appreciable section of 
it, there arises no need for writing a commentary on it. On -the other 
hand it is donbtful if the name and the work of the author of the 
Mahé-siddhanta had at all attained such a reputation at that time. 
For a contemporary writer, Bhattotpala 966 A.D.), had quoted а host 
of previous writers including the elder Áryabhata in his commentary of 
Var&hamihira's Brhat Samhita but not the younger Aryabhate. 'This 
much, however, appears to be without any contradiction that the 
testimony of Bhaskara can not be overlooked in the same way as can 
be done with that of Paramegvara. The other known commentator of 
the Aryabhafiya ів Stryadeva.t He has quoted Vardhamihira, Lalla 
and Brahmagupta by name and has himself been quoted by Bhas- 
karücharya. There are certain other quotations some of which bear 
8 very close resemblance to the corresponding lines of Sridhara’s 
Trisatika. They might have been drawn, rather freely, from’ that 
work or both might have drawn upon & common source which is at 
present unknown. If the first inference be true, Süryadeva must have 
lived in the period 850.1100 A.D. There are reasons to believe 
that Süryadeva was anterior to the younger Aryabhata. It із also 
noteworthy that on several occasions Süryadeva has referred to 
tradition about the teachings of the elder Aryabhata.e Siryadeva 
has been quoted by Parameévara.} . 


* It should not be overlooked that the time of the younger Áryabhate is some- 
what uncertain, Followifg Dikshit and .-Bewell, it has beeh taken here to be 
circa 950 A.D. But, if Dvivedi is right the commentator Bhadskara becomes anterior 
to the younger Aryabhata and in that case all uncertainty and controversy about 
the age and authenticity of the Qanita is settled at once. 


+ Sürysdeva's commentary has not been printed up to this time, There is an 
excellent new сору of the Ms in the Library of the Calcutta University, Jt was 
“ copied from a Ms. and collated’ with six others allin palm leaves in Malayalam 
characters belonging to the office of the Ourator for the Publication of Sanskrit Maa., 
Trivandrum.” H i 


f Some more valuable references to Aryabhata’s Ganita could be expected 
from the mathematical works of his diaciple Lalla. This work haa been referred 
to by Bhšskarácharya, Unfortunately it is now lost. 
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Gansta, an integral part of the Aryabhatiya: Internal Evidence 


If we examine more. closely the different parts of the Aryabhatiya, 
it will be found that the Gazita forms an integral part of it, and so 
cannot bé separated from it. 


. (1) It is customary with Sanskrit writers, from times immemorial, 
to begin writing with an invocation to the Deity worshipped by him or 
his sect, or to the Deity appropriate to the occasion, and oftentimes to 
end witha few lines extolling the virtue of mastering the writing. 
These invocatory verses oftentimes disclose the particular religious 
faith of the writer. Thus we learn that Aryabhata (the author of the 
Aryabhatiya) was а Vedantin; Lalla, Brahmagupte and Sridhara 
were Saiva; Mahavira was a Jaina; Varahamihira was a Saura. In his 
earlier days he seems to have been a positivist. It is strange to find 
that there is no invocatory verse in the Mahà-siddhünia. The author 
begins with an expression of indebtedness to the writers in general that 
have preceded him. He might have been a positivist of the Sankhya- 
Yoga school. His eagerness to conform to the injunctions of orthodox 
Smritis will at once preclude of his being doubted for an atheist. The 
"religious and spiritual tenor of the writer disclosed in this way by the 
invocatory verses of the Gayita and their want in the Maha-siddhanta 
will bar all serious attempts to attribute them toa single author. 


The first introductory verse of the extant Aryabhajiya, which is the 
invocatory verse of the book, runs as follows :— 


* Having prostrated himself before Brahman, one (in himself but) 
many (tn hts mantfestation), the true deity, the Supreme 
divine principle, Aryabhata relates ...” [Fleet]* 

The opening verse of the Gagita is :— 


* Having done worship to Brahman [manifested as] the Earth, 
the Moon, Mercury, Venus, the Sun, Mars, Jupiter, Saturn, 
and the stars (more technically the ‘troup of the nakshatras ' ), 
Aryabhata declares...” [Fleet] 

With these may be read the verse at the end of the Dagagitvké and 
the last but one verse of the whole book. They have also the same tenor 
as the above two. Those who keep any information of the Vedantic 


Philosophy, will at once recognise that ull of them are from the same 
brain. | 


* Fleet, Loc. cit. 
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.2) The second line of the first introductory verse runs as p- 
* Aryabhata relates three things; Ganita (the science of 
calculation), K&alakriy& (the fixing of time), (and) Gola 
(the sphere).” [Fleet] 


Thus as a prelude to his work, there is the promise of Aryabhata to 
write the Qamta. Во it is very natural to expect that the Aryabhafiya 
must contain a Оаа section. And as has been already stated, the 
names of the three chapters of the second part of the book are res- 
peotively the (Сайа, the Kala-Kriya and the Gola. The relation is 
too palpable to be overlooked. 

- (3) It is well known that Aryabhata has used alphabets for a 
peculiar system of numerical notation. The principle underlying the 
system has been profounded in the second introductory verse.* There 
the notational ‘ places ' have been classed as varga and avarga. The 
proper significance of these two terms will be clearly understood only 
on reference to the fourth verse of the (аа. Again the arithmetical 
values of the ‘places’ and their names have been stated in the second 
verse of the Gamtia.t Бо these three verses are closely interrelated, 


(4) The tenth verse of the Dasagitika gives the values of Sin( ë ) 


for n—1, 2, 8, ++, 24, in succession, without any demonstration. How 
to divide z/2 into 24 equal parts as well aa the method for calculating 
the values are indicated in the eleventh and the twelveth verses of 
the Gansta. So в knowledge of the latter two verses is: indispensable 
for the proper construction of the table given in the former verse. 


(5) .In the Dagagitika (verse 4) is indicated a method of calculating 
the planetery orbits and in the Kala-kriya (verses 19, 25) and the Gola 
(verses 39, 40), there are applications of the diameters of these orbita. 
Again the verse 5 of the Daéagittkd states the length of the diameter 
of the Earth and the verse 9 of the same section states the circum- 
ference of the spiritus vector (earth's atmosphere). To be self- 
contained, the Aryabhatiya must contain a method of calculating the 
diameter of a sphere from its circumference or vice versa. The value 
of w necessary for the purpose is contained in the бата section of 


. * Fleet, toc, cit, 
+ The classification of notational places into varga and avarga might have been 
also'due to simple phonetic resemblance to a similar and older classification of the 
Banskrit consonanta, Even in that case the other argumenta will stand, . 


, 
del 
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the book, And we learn it from Parameávara that Aryabhata did 
actually use the-same value for a similar purpose.* 

The above instances will be considered sufficient, we рек to prove 
that the different parts of the Aryabhatiya are inter-dependent to 
almost an indispensable extent. So the Gasita section of the book 
caunot be separated from its other sections and attributed to а later 
namesake as had been attempted by Kaye. 


External Foidence 


Under this sub-head, we shall collect evidence from thé treatises 
other than the Aryabhatiya,—omitting, of course, the works of the- 
scholiasts which have been already noticed—which will go to prove, 
directly or indirectly, that the (Zamata must be the work of that 
Aryabhata. who was anterior to Brahmagupta. He is the author of 
the Aryabhatiya. 

(1) The most relentless critic known of the author of the 
Aryabhatiya was Brahmagupta. Having criticised him mercilessly to 
some length in the Brdadhma-sphufa-siddhanta, Бара has 
remarked t:— 

“ Ag Aryabhata does uo know either of the Ganita, the Kala and 
the Gola, so the faults of SHE are not pointed out separately 
by me." 

Thus we find that Brahmagupta has stated the Gagita to be a 
section of the work of Aryabhata. That he had in view the author of 
the Aryabhatiya has not been and, indeed, cannot be disputed. 

(2) It has been already pointed out that the second part of the 
the Aryabhatiya has been called Aryaspagtia in, the Brühma-sphufa- 
siddhünia, because it contains 108 verses in the Агуй metre. All the 
manuscripts of the Aryabhafiya that have been recovered up to this 


* Vide Goladipika, loe. cit, verse 30, 
+ Brühma-sphuta-sddhünia, ch, xi, verse 48, 


зпедчгабч adt апай тата apaq | 
я Hat йїп wa; qam. qaa ITA А 
It is noteworthy that the titles and their sequence are almost the same as are 
in the Aryabhatiya. The slight difference in the title of the second chapter, 


—omission of Kriya,—islimmateriaL Most probably Brahmagupta had to ont short 
the full title for the sake of easy construction of the metre. 
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time, have-been found to contain 108 verses, for this part., - This is 
remarkably significant. If the (айа is to be excluded, as has been... 
suggested by Kaye, on the basis of an obscure statement. of Al-Biruni, л 
we shall have to admit either that the name Aryasfagata ig! meaning-. у 
less, or that all the available Mss, are incomplete and misleading: In ; 
any case such a bold assertion will lead to creation of fresh difficulties. t 
in the hope of meeting one sbout the reality of which Hee; hangs’, 
much doubt. Dni nlt. Ben Ae 


(8) While referring to Axyabhata’s value of = 6288220000), > 
Bhüskara has remarked that Brahmagupta, Sridharšáošrya and others- 
had taken the value of z to be approximately equal to the square root of `° 
ten ‘for simplicity’s sake’ (sukhadrtham) not because they were ignorent : 
of:the other accurate value.* "We do not know what was the source 
ofi information of} Bhaskara in making this assertion unless.it bea I 
general - inference from the fact that each of those writers’ was‘. 
acquainted -with . the works of. Aryabhata. (vide infra). But this 
remark has a very important bearing on the subject under discussion. š 
For it testifies that,in the opinion of Bhaskara, the Qanita which р 
alone contains that value of т, is a work of- Aryabhata who Poe 


Brahmagupte and others. . 

(4) It has been siated by Al-Biruni that in the “ amended edition n” » 
of- his Khagdakhüdyaka, Brahmagupta has applied Aryabhata’s value tf 
of *t In his other works, he has taken == 10. ` ` TN T. 


Š | Р, 

* акш ын, Gola ahua, IRR verse 62 (УагапаьЬһауа).- E T 

“qgan Roooo fqwnawaq9fqa: RR firda тат: | 
ана E аа S NNI w. 


ач emet : 

Who. are .the others besides Brahmagupta and Sridharšc5rys who adopted 
Aryabhate's value ofr? It may be wellto point out that Bhüskara himself has 
used similar rough approximations on several oconsion& though he was aware © 

of the more accurate values. For instance вов саан Siromani, ,8past8 hikara, 
verses 17 and 78  (Vasanabhagya). ; 

+ Al- Biruni's India, vol. 1,312; compare also 1.67. This statement - of - 
AlBiruni seems to be quite authenticated. Бог, he was fortuñate to seonre; while- 1 
in India,. Мав. of Brohmagupta's Khandakhadyaka together with “ amended- -edition 
of it" by the author and its commentary by Balabhadra (II, 187). Further, ^ 
Al-Biruni later on published a “new and amended edition " xe the fret d pape: t 
ia of this book. Of. I. 156; П. 48, 49. - 

в this amended edition ‘of Khandakhadyaka also the source of information to 
; about Brahmagupta’s knowledge of Aryabhata’s value of ж, as noted above Р 


` ` ы 


_ 
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(By Aryabhiata's works were introduced in Arabia ‘byt the Hindit . с 


scholars‘ who aécompanied:-the embassy ‘from Sindh!'to.the-'Khalifay 
Alr&n&ur'about 770' A/D. Alfazart;-Yakub ibn 'Tarik‘and-Abu Alhasanc 
oft Ahwias' learñt of ‘Hindu Astronomy: from '&hem: These" scholars 
must hayé’cerried! with! thém: the Mas. of the Gantia-oratletst-a2 
kri6wledge ofits subject matter; and«must have taught it to their Arab: 
diBoiples.s For стб léarnnit:?on'the authority of А1-Вігопі that-Yakubo 
ibn Tarik has recorded in his book, Composite Sphwsrarum+(or thec 
Composttion*of ‘the ` Spheres)- 1“ on "the-authorsty of his: Hindu. informant,” 
certain. dateas--whioh..contain an-.application'of the value of-r found in ~ 
the. Gagtta* It -is.. still: more remarkable that.in this-book Yakub has. 
recorded~Aryabhata's values-about the dimensions of the Earth.f 

(6) With reference to--Árysbhate's: value of ту Mohammad Ibn: 
Maüs&! al-Khowürigmr: (8250 A.D.) has remarked ‘that it/is.the valus of: 
the-Indiantastronomere:} * 

After these: faota thors cantiot’ be any doubt’that the ажа ' existed" 


atleast “before 750'A:D.' And as "we: "küow-it 'définitely that thére"- 


lived “in India оле Alyabhata (b.* 476" A:D.) ‘before’ tHat'age," the ` 
Qarita must be his work.’ Herce Kaye’s doubt‘ about its 'aüthénticity" 
and his conjecture about its being a work of the 10th’century A/D‘! are» 
absolutelyfalse.: It shóuld'bé atated'in-fairness to’. Kaye that һе seems 

tochavé soméwhat-modified his earlyjopinion:. For in his Indian Matke-~ 
matics, published in 1915,~in ‘addition do; ‘at records of -this: doubt | 
(p. 11 footnote), he has also put a sub- heading’ Yu Aryabhata’s Gamtta— 
(сігоњь4.Г. 520)” (p. 47). He knows it "best how he calculated the 
date 520A DC E i 


* ALBivnnis India, L169. . This reference has also been used-by. Kaye “batt to- 
a difforent end. He has suppressed the passage put within inverted commas and ` 
italicised ; cf. Kaye, Aryabhata, loe. cit., р. 122. 5 

+ Ibid, 11.67; i‘ He (Yakub) had drawn his informatión from” the ‘well’ kñown 
Hindu scholar who, A.H.-161 ( ? 154), accompanied an embasky to Bagdad," `” 

«1 Wids-+Rodet, locit.) p..4LL5." AL ‘KhowSrizmi cité cette valuer 6268220006 ` 


comme due aux ‘‘astronomes” indiens ;” compare algo, ‘f L Algebre д! AL khwarizmi ` 


et cles. methodes indienne et Grecque,” Journ. Asiat. (1878). Here again ‘Kaye i is 
guilty:.of .suppression,—probably also -of ‘unfair’ marshalling of faote.” не! says 
«М, Ibn Musa gives the value 62832/20000 but also gives a summary ‘of ‘Arohihiedes"’ 


proof and- 16 is- absolutely , certain that М, Ibn Musa ‘did not copy this from the "` 


Hindus”? (Kaye, Aryabhata, loc. cit, p. 122; cf. algo Indian Mathematics, pp. ate 1 
Бап. EA Math. Soc., Vol. XVI, ке 1 (1927). 
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LON PHE::STRESS.AND: STRAIN IN. AN. EDASTIO PLATE HAVING 
TWO INFINITELY LONG-REOTANGULAR EDGRS°UNDER ` ` 
"THE ACTION OF A COUPLE AT THE CORNERT ` : 


+ 


BY 


` 


N. M. Bast anp H. М. SzN-GurrA ар 


The problem of the determination: of- the stress and strain in an 
elastic plate under forces applied in its plane has been discussed at 
„great : length , by Michell + in а number, of memgirs Опе, оѓ the 
solutions due to him is that of the problem of a semi-infinite elastic 
plate subjected to,-pressure st a point of the straight edge. He has 
also given e solutiom for an blastic- plate bounded-by two infinitely long 
straight edges inclined at any angle and acted on by a force at the 
angle. ` But gboth оёз these solutions; are. ,defective;injas;much ва the 
values obtained for the displacements become infinitely large at infinite 
distances. The effect,of a uniform tangential traction applied over 
one half of the infinite. straight edge of & semi-infinite elastic plate has 
also been investigated but the solution obtained is likewise open to 
objection since not only the displacements but the stress as well tend 
to become infinitely large at infinite distances:] 7 

In the present paber the effect of a couple applied at the corner 
of a thin elastic plate having two mutually perpendicular infinitely 
long straight edges has been investigated. ' The importance of the 
result, which is believed & be new, lies in the fact that the stress- 
components as well as the.,displacements . vanish.at infinity and the 
solution is therefore free from the | objections mentioned above, 


2, It is well-known that the\\problem , of the equilibrium of an 
elastic plate under no body forces ‘is, identical with the problem of 
plane strain under certain conditions “which may be taken as valid 


ао 25 ame, 
* An abstract of this paper was read at thé Indian Science Congress, 1927. 
+ Seo Proceedings of the London Mathematical Society, Vole. 81, 82 and 88. 
t Of. L. N. G. Pilon, Phil. Trans. Boy. Soc. (Ber, A), Vol. 108. 
+ n e $ , 
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when the plate is very thin and is free from traction over the faces. 
The values of the displacements and stress-components that are 
obtained by treating the problem as one of plane strain are their 
average values, the average being taken over the thickness of the 
plate, and will therefore be more and more nearly in agreement with 
the actual values as the thickness of the plate is more and more 
diminished.:.The state. of stress and strain is then déterminéd by a 
single function called the stress function. 

“Tf x denote the .stress-funotion, then the following resulte are 
wellknown*  — 





(1) V «х= 
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* Bee Love's Theory of Elusitoity —Ohap. 9. 
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and À and д are the elastic constants of tt the. material of the plate. 
(5) The rotation e is the harmonio conjugate ‘to 


Жош . 
П saa tyne UU. оа Es 
= Ai p 


t REL “= 


(6) The cartesian components of digplacement are given by 





where £ and 7 are determined by the relation 


Etin = f 107920) A+ дв } Gees). 
8. Take cartesian axes along the straight edges and let the z—axis 
be the initial line for polar co-ordine tes. 


Consider the stress- fahstion 
x= — ш — L sin*6, 


preis Li is 8 e constant: 


Then x obviously satisfies the equation V. *х=0. Using the ronnie 
given in Art. 2, the following values are easily obtained :— 
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where u, and че are the radial and transverse displacements respec- 


Буер. тр 
4, With the origin as centre and any radius r draw a circle and 
consider the resultant stress exerted by the quadrant bounded by this 
-circle and the edges on the rest of the plate. ` 
If X, Y denote the components of the resultant stress parallel to 
-the edges and if N denote the ER of the stress about the origin 
0, we have, 
= 
2 "^ ^ч. j | 
X = — ( 7 eos 6 — Я sin 6) пав 
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Thus the resultant stress iss couple of moment- L, whatever the 
radius r may be. We may therefore suppose that a portion of the 
plate out off by a oirole of infinitely “small radits is remdvéd ‘ind a 
couple of moment L is- applicd-af the'corher of the plate. In order 
that the redults of Art. 83-may\correctly represent thé state of stress 
and strain in the plate under the action of this couple, the straight edges 
must be free from traction and-tHe stress-components and displacements 
must vanish at infinity. That-the edges/are frée from traction 18 easily 


verified since 66=0 everywhere and rÓ--0 over 6—0 and 63. 


Tt is also seen that thevstress varies*inversely tas the square of the 
distance while the displacement varies inversely as the distance from 
the origin and they therefore váish^at'infiity. Thus-thérévalta 
of Art. З represent the solution of the problem discussed in this 
paper. 

5. It may be noted that for points on the edges, there is no rotations. 
Such points are displaced along the edges'and, when L is positive, points 
on the z-axis are displaced away from thé origin while points on the 
y-axis‘are displaced towardšTthe origin; the magnitudes of the displace-- 
merits at'équal distences:béing:equáls The radii-drawn from -the origin: 
are subjected tc shearingistress -ónly. Elements - along ‘the - middle: 
radius (e= 5) undergo по ‘rotation’ and” receive-'only tranéVé¥se 


--. 
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displacement towards the side of the z-axis. All points on the side 
of this line towards the, 2-ахів have their distances from the origin 
increased while all points on the opposite side have their distances 
diminished. 

6. The equations of the lines of stress are easily obtained, If ds 
be an element of a line of stress at the point ( (2, У), so that the direction 
cosines of thə. normal to this element are 


W and — 


2 
the differential equation of the line of stress i is: 
p^ 
X,dy —x, 5 x, 3 —y, ds 
ds ds ds 


ds 
dy < . de 
de aC 
dy / 
or X,-X A =Y,—x,# 
zy X.—Y, dy = 
TS qn Um (à AE X,- de: 150 Bie 


E Substituting the values of X Y; and X, wehave | 
eet wel T aye *—zt—y* dy 4.. А eI 
22 20 XMda/ _ 0 de 1=0 giz, pp ue i 


or oath vineis Ge?) MO ш 


NE dd jer duse 


P^ DEL. Ey 00077 
Pru | de. . 7 95у C ог est —у* 


Solving the.above equations, we get. 
: e Et - 
Br um =А, 


and. зз Л у шше 
TE ` a: yt 
. E H af es ? 


where .À and В ‘are arbitrary constants. Thus the lines of stress are. | 
the two systems of orthogonal circles having their centres on the; axes - 
of-z and y and touching respéctively the axes of y. and а at the origin. 
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Time BY ALTITUDE IN INDAIN ASTRONOMY 


BY 


P. C. SENGUPTA 


(Calcutta) 


1. Determination of time by altitude is ascribed to tMe Arabs by 
European scholars. In the article on “ Measurement of Time” in the 
Encyclopaedia Britannica it is stated that “in the year 829 we find it 
stated that at the commencement of the solar eclipse on the 20th 
November the altitude of the sun was 7° and at the end 24° as observed 
at Bagdad by Ahmad ibn Abdullah, called Habash. This seems to 
be the earliest determination of time by altitudes.” Again in the 
article on “ Ástroromy " in the Section ' History of Astronomy’ it is 
stated that ,' George Purbach (1423-1461) introduced into Europe the 
method of determining time by altitudes employed by Ibn Junius (950. 
1008). This short paper seeks to establish the priority of Indian 
astronomers and the indebtedness of the Arabs to their Indian Teachers 
in this respect. : 

2. "The problem was first attacked by Aryabhata but witha partial 
success, and wus solved by Varahamihira although he did not discard 
the wrong ‘solution by Aryabhata. The solution in the proper 
form was first given by Brahmagupta. The dates of these authors 
are :— 

A. D, 449 of Aryabhata. 
550 of Varahamihira. 


628 of Brahmagupta. 


” 


» 


3. The original passages from these authors may be thus tran- 
slated :— 
(a) “The sine in the diurnal circle, of the time elapsed since sun- 
rise (or of the time to elapse till sunset), multiplied by the sine of the 
4 З 
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co-latitude and divided by the radius is the sine of the altitude of the 
sun.” Gola, 28. 


Symbolically it means, 


R sin £x R cos ô R cos $ 
R R 


=R cos ғ, 


t 1 


where ¢ is the time elapsed from sunrise, ¢ the latitude of the station, 8 
the sun’s declination and z his zenith distance, This is only an appro- 
ximate rule. 


(b) * Take the square root of the sum of the squares of the shadow 
and of twelve; multiply it by the sine of the co-latitude and by the 
product divide 172800 ; the quotient is ealled'the first sine. At 


“Multiply the sine of the latitude by the sine of the sun’s declina- 
tion of that day and divide by the sire of co-latitude ; put the result 
down separately. Deduct it from the first sine if the sun has northern 
declination ; add it, if he hag southern declination. 


"Multiply the first sine so modified and the sine which has been 
put down separately by 240 and divide by the double day radius; the 
‘two corresponding ares have to be added to each other if the sun has 
northern declination, while they have to be deducted in the case of 
southern declination. The resulting degrees divided by six give the 
nadikas.” : : 
Pancha Siddhanttha - IV, 45-47, 


Symbolioally these rales are as follows :— 


(1) Shadow=12 tan ғ, and shadow? +12*=12 вес z. 


179800 _ 12xRxR 


he first sine = 7. = —— 7... 
челине 12 sec zx R cosló 12 вес: х R cos ç ' 


(Since Varahamihira’s radius—120) 


E sin $x B sin 3 


(2) R cos $ 


is the second sine, 
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then let 


12xRxR ELTE 
12 sec sx R cos $ R cos $ "T cos д 





=R sin A! 


and 


R sin $x R sin 8 ,. 2R 


R cos $ 2B cos sŠ kna, 





here A'+h” gives the time elapsed from sun rise. 


(c) Brehmagupta's stanzas need riot be quoted in #1. He directly 
speaks of the hour engle” from the айа канай, His rule may be 
thus ex pressed : -— 





- 12 aco gx R Rsmüxitend) R _ Е 
E 12 sec s 12 * Roos 8 TROIS 
where Љ із the hour angle of the suu. 
š B. 8., III, 88-40. 


These rules ave readily seen to be equivalent to the well known 


equation 
ne 


cos z=sin ф вір ё + сов d сов 8 cos Л. 
t 


The priority of Indian Astronomers in this respeet is thus estab- 
lished. 


4, As to tha indebtedness of the Arabs to the Indian Astronomers 
we make the following quotations from Dr. E. О. Sachan’s annotations 
to his translation of Alberuni's India :— 


- 


(1) Brahmagupta holds a remarkable place in the history of 
Eastern civilization. It was he who taught the Arabs astronomy before 
they became acquainted with Ptolemy; for the famous Sindhind of 
Arabian literature, frequently mentioned but not yet brought to light, 
із a translation of his Brahmasiddhanta ; and the only other book on 
Indian Ástronomy, called Alarkand, which they knew, was a translation 
of his Khandakhadyuke.” 
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(2) “ Alfazari is one of the fathers of Arabian literature, the first 
propagator of Indian astronomy amoung the Arabs......... his book 
contained the cycles of the planets as derived from Hindu Scholars, 
the members of an embassy from some part of Sindh, who called on - 
the Khalif Almansur in A.D. 771." 


(3) “ In the first fifty years of Ábbaside rvle there were two periods 
in which the Arabs learned from India, the first under Mansur (A.D. 
758-774) chiefly Astronomy, and secondly under Harun (786-808), by 
the special infinence of the ministerial family Barmak, who till 803 
ruled the Muslim world, specially medicine and astrology.” 

Lastly we may mention that during the rule of Khalif Mamun 
(813-847), all standard works on Science, Philosophy, medicine, eto., in 
all the western and eastern languages were translated into Arabic. 
Amongst the translators was one Duban the Brahmin who translated 
from Sanskrit. (Vide Ameerali’s History. of the Saracens). It is 
noteworthy that the event referred to in the article of the Encyclopaedia 
Britannica on '" Measurement of Time,” happened in (829 A. D.) the 
reign of this Khalif. 
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ON MUTUALLY SELF-POLAR TRIANGLES 


BY 


C. У, HANUMANTA Rao 


(Punjab Untrerstty) 

1. Starting * with the idea of pole and polar in regard to a 
triangle, we explain the concept indicated in the title, deduce therefrom 
the configuration of Pappus, show how the configuration of critic 
centres may be generated independently of the theory of the oubio, 
and we add an independent verification that the mutual self-polarity 
of two triangles implies and is implied by the commutative law of 
multiplication. 

2. Given a triangle ABC and any point Pinits plane, if P,, P,, 
P, be the projections of P from the vertices on the opposite sides 
then it is known that the fourth harmonics of P, with respect to B, C 
of P, with respect to C, A and of P, with respect to A, B lie gp g line 
called the polar line of P in regard tothe triangle АВС.+ This 
relation between the points and the lines of the plane of ABC is & 
correlation of which the united elements are the elements of the triangle 
itself. Furthur, we may consider the point and the line as pole and 
polar in regard to the degenerate cubic consisting of the sides of the 
triangle, and equally in regard to the degenerate class-cubio consisting 
of the vertices of the triangle. 


. When we seek on the line for any points whose polars pass through 
P, we find there are just two such points Q, R of which not only is it 
true that the polars of both pass through P, but equally does the 
polar of either pass through the other. We may thus speak of the 
triangle PQR as being self polar in regard’ to the triangle ABC, in the 


* This paper was read before the Indian Science Congress on January 6, 1927. 
+ Cf: Salmon-chemin pp. 204-5. : 
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sense that each of its vertices is the pole of the opposite side: and 
given ABO such a triangle as PQR is uniquely fixed as soon as one of 
its elements is assigned. 


It is a fact, easily verified with the help of sections and projections, 
that when the triangle PQR is self polar to the triangle ABO, equally 
is it true that ABC is also self polar in regard to PQR. Thus the 
relation of self polarity as between two triangles is a mutual one, 
and we are led to speak of two mutually self-polar'triangles. Hach 
vertex and the opposite side of either triangle are pole and polar in 
regard to the other triangle considered as a degenerate point-cubic, 
and also when considered as в degenerate class-cubic. 


_ 3, Itis known that when a triangle ABO isin perspective with 
a triangle A'B'O' and also with the triangle В'С'А', so is it 
equally in perspective with C'A'B', and the two triangles ABC and 
A'B'O' are said to. be in three-fold cyclic perspective. The three 
centres of perspective then form æ third triangle such that the 
relations between the three triangles are symmetrical; in other 
words, any two of them are in cyclic perspective with the vertices 
of the third .fur centres. The figure consisting of the nine vertices 
of three such ‘triangles is the figure that entablishes- the Team of 
the Theorem of Pappus.t H I 
"4 The following results may now be established. Я 

(а) If св triangle Т, ів self-polar with respect to a triangle T, 
and also self-polar with respect to a conic C, во ‘is- it also 
self-polar in regard to T', the reciprocal of T, with 


€ 


respect to C. 


(b) A related result is that if a triangle T, isself-polar with 
respect .to each of, two triangles Ta: Tr. which are 
. situated in one way perspective position, so 18 it self-polar 
with күрө to 'the conic der which T, тевірхосаќев 
into Т,. ` 


(e) If a triangle T, is-self-polar with respeet.to each of two 
triangles Т, and T ээ, these last are necessarily in threefold 
cyclic perspective, and the centres of perspective also form 
a triangle T, which is as well self-polar to T, and the 
"yertices of T,, Fas T, complete-a Pappus config uration, 


.* Qf. Rosanes, Aath. Ana, Vol, 2, page 549. 
+ Cf Baker, Principles, Vol. 1, page 47 
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а) Conversely when two triangles are in cyclic perspective there 
exists a single further triangle which is at once self 
polar to both and is ‘also self polar for each of the three 
conics with respect to which the one triangle reciprocates 
into thé other; these three conics thus have a single | 
common self conjugate triangle. | 


(e), Та eónfinnation of the result (6) above, if T , is also self polar 
‘tO T, and T; then T,, T, arein sixfold perspective, 
and the four triangles To, T, Т,, T, are symmetrically 
related ; that is each one of them is self-polar to each of 

` the other three, and every. two of them are in sixfold 
perspective'with the vertices of the other two for centres. 


When such a position arises, the vertices of, the four triangles 
are the critic centres of a cubic curve. 


(f) In connection with the result (о) above we have the 
following result. Given two sets of three lines meeting in 
nine points the necessary and sufficient condition fora 
third set of three lines to pass through the nine points is 
the existence of a triangle self polar in regard to the two 
triangles formed by the two given sets of three lines. 


6. Itis known tkat the existence of the configuration of Pappus 
is the Geometric equivalent of the Algebraic Law of commutative 
multiplication. We have seen above that this configuration is capable 
of being deduced from the idea of one triangle being self polar to 
another. It follows therefore that the mutual self polarity Sf "two 
triangles implies and is implied by the law of multiplication. That 
this is indeed so is capable of easy verification as we proceed to show, 


Let * ABC be any triangle and P any point in its plane, such that 
the linear relation amongst the four coplanar points is A+ B+ O+P=0. 
Tho projection of P from A on BC is then B--O, and its harmonio 
with respect to B and C is B—C. The three points thus obtained 
B—O, C—A and A—B then lie ona single line namely the polar of P 
in regard to the triangle ABC. The general point on this line may be 
taken as 3=6(C—A)+(A—B) so that the projection of X from O 
on AB is (¢—6) А—ф В and its harmonic in regard to A, B 
is (@é#—0)A +ФВ; so also the projection of 3 from B on CA is 
($—0)A--0C and its harmonic in regard to A, C is (¢—0)A—OC, 


* The symbolism will be familiar to readers of Baker, Principles, vol. 1 
chapter 1, section 8. 
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The join of these two harmonics is the polar of 2 and will pass through 
P which is A+B+O if we can show that a linear function of 
(#—0)A—0C and A--B-FO is identical with ($—0)A--$B. For this 
we require that 


[(#—0)&—0 C]+0[A +B+0] 


which is same as pA+0B should be identical with ($—0)A+¢B. 
Equating ф times the former symbol to 0 times the latter, we obtain 


$O=04, $*—64—6). 


Thus when the former equality holds the latter relation yields the two 
possible positions of Z, which completes the verification, 
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_SIMPLEXES IN n-DIMENSIONS 


BY 
RABINDRANATH SEN 


(Dacca) 


In the present paper an attempt has been made to study the figure 
by methods, simple and general, and certain properties which are 
analogous to those of tetrahedrons have been deduced. Indeed, many 
theorems which are seen only partially in the ordinary geometries 
appear in-their true nature in the geometries of higher dimensions. 
The following treatment is however restricted to Euclidean spaces 
only. 

My best thanks are due to Dr. 8. M. Ganguli who kindly suggested 
the investigation to me, 

1, A simplex of the nth order is defined as a figure consisting of 
n+l independent points in an n-space.* It may also be considered as 
determined by n+ 1 linear loci (spaces of n—1 dimensions) 


pO) ¿=1,29,....n+1), 


n of which meet in a point, a vertex, Through each vertex pass n 
edges, 4n(n—1) planes, ...... the intersections of every n=l, n—2, ...... 
linear loci passing through the vertex. The linear loci may be called 
the faces of the simplex. The numbers of vertices, edges, planes, etc. 
of the simplex are connected by the relation 


1—(n+1),+(6+1),—(+1), + tatl) 0f, 


* Vide Proceedings of the London Math. Soo., Vols. XVII] XIX. The figure ів 
named a gimplicissimum. Also ‘Theorie der vielfachen Kontinuitat! by L. Schläfli, 
where we have a polyschem. : 

+ An interesting discussion of this law is to be found in Bchoute's Mehrdimen 
sionale Gaomatrie, Vol. II. $ 2; also in Schläfli $ 10. 
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where (n+1), denotes the number of combinations of the vertices 
taken + at a time, this being the expansion of (1—1)**?, where n is 
any positive integer. 


Le — LD et, s bles len ta... tl ру =, 


where w,, т„,...ю„ are the co-ordinates of a point referred to в system 
of n concurrent lines mutually orthogonal. 


(It may be seen that the co-ordinate axes divide the n-space about 
the origin in 2" parts, which are associated in 2*7! pairs, the two parts 
of a pair being opposite to one another.) 


Let us suppose, for simplicity’s sake, that 
з 1 з . 
=1,,=51,, Sore = By 41): =1, (t=1, 2, 3.,....2) 


and assuming the conventions made in the ordinary geometry we write 
the equations to the loci so that 


Lita +1) , (j=l, 2,... 5-1) 
are all positive. Consider the determinant 


metn ly. pe d hn 1) m A (say) 


р ae a ли loin +1) 


net Unsere Yn s1)(n 41) 


If A is zero, all the faces pass through a common point ; so we 
suppose A to be always different from zero. 


Let us denote the vertex 


qu nO S LED p D 06+) 
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` 


by A,, with similar notations for others. Then the co-ordinates of A, 
are given by 


=> — 1 


р Ee 
ji L;, L;, Lits +1) 





where L,, is the first minor of l;, in the determinant A (with the 
proper sign), t.e., 


8^. 


L;,— 
jr Lye 





Q 


Н V be the content of the simplex then we have, as in the ordinary 
geometry, Ё 


where IT denotes the continued product 
and j=l, 2,...... nl. 


Now the content of any simplex of the (n—l)th order whose 
vertices are all the vertices but one-of the simplex of the nth order is 
equal to the sum of the projections on it of the other n simplexës of 
the same (n—1)th order formed in 8 similar manner. Then deneting by 
V, the content of the simplex of the (n—1)th order whose vertices are 
all the vertices but A, we have * 


V, cos no LO v, сов LO 108) 4... 


+V; сов LY LOD —V, Vu cos LO 6*0 is 


` + У, вов LY +) —9 (D 


where 1010) denotes the angle between the faces LO ana LO, 


* Balmon's geometry of three dimensions, $ 66. 
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There are z+ 1 such relations corresponding to 


and any » of them will determine the ratios of 


Vo Voere Vagi 


to one another in terms of the angles between the faces. Again since 
the angle between any two faces is supplement of the angle between 
their normals drawn from the origin, the 

written as — 


above relations can be 
f 


n 


*v.«( = 1, laeni) =0. 


Eliminating these V's from these n+1 relations corresponding to 
KOENE n+l, we have 


1 Sh, Sh.. 


Sl lo cy 
=. i 1 


el, ly; 


Sl, һе -- 


But since the determinant vanishes the first minors of any row are 
respectively proportional to the corresponding first minors of any other. 
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Hence the minors of this determinant are proportional to the contents 
of the simplexes of the (n—1)th order. But | 


1 S. ... Sl, ila: 


al, TA LI 1 
=L? 
(n +1)(п+1). 
Dll эзш o0 1 
Therefore May СЕРЕ Vua 
are respeotively proportional to 
2 s , 
L. (n+1)? Lon #1) esse? Len +1)(n+1) ` 


Let a point C be taken within the simplex whose co-ordinates are 
2, 3 (s=1, 2, ...... n). 


Lines drawn from C perpendicular to the faces will be of the form 








2, — 2, _ „и 2. —z, _ шы 
= =.....—— "=p, (say). 
m Us. b. d 


There are n+l such lines corresponding to j=l, 2,......n-F 1. 


If then О be the centre of gravity of equal masses placed at the feet 
of these perpendiculars.we have (§ 4) 


TUM 1 Po 
2, TOLL [ol ' Tp... ъп + (»-Е1)а,] 
jul 
or = p,0,, m0; 
3=1 


There are п such relations corresponding to +=1, 2,...... п, 
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Multiplying these n relations by 1,,, L,,,...... L,, respectively and 
adding, we get 


Pi = 1, "n ) e E l, dri ) +... 


ix 


Pan a laani) = 
There are n +1 such relations corresponding to j=1, 2,,.....n+1. 


Hence we see that pi;p,,-..p.4,, Bre proportional to 
Vas. Vaseve vex wage 


2. Let us consider the linear loci Ls: pe ...(1), i which are 
+w (п+1) in number. It may be easily seen that there are only « of 
these looi which are independent, any other may always be found to 
pass through the points of intersection of two of the n independent. 
But n independent linear loci (in an n-space) always meet in a point. 
These loci (I) may be regarded, as in the ordinary geometry, with 
regard to the conventions we have assumed, as the bisectors of the 
angles between the faces of the simplex. The + »(n—1) bisecting linear 
loci passing through any vertex intersect one another in a line (for, 
there are only n—1 independent linear equutions), and this line is 
then equidistant from the n faces of the simplex passing through the 
7 vertex. * Thus there are (n-- 1) such lines, each passing through one 
vertex*ahd these lines meet in a point. "This point has been called the 
centre of the n-spherio inscribed within the simplex. 


Solving the n equations (I) for s=, r=1, 2,......—1, f+1,...... n+l, 
the co-ordinates of the centre are given by t 


* Oj, Manning, Geometry of Jour dimensions, 55 78, 118. І 


+ An elegant treatment of the solution of any system of linear equations is to 
be found in Dr, Cullis's Matrices and Determinoids. The above solution oan be 
written as 


[ее m, 1]=р[Р,Р,.....Р, P] 
where р is an unspecified scalar quantity, See Уо]. I, Chap. ХІ, § 88. 


>+ < = 


where 
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bil, h.-, 
5, leg—lyy 
liy —ф,, +» т 
Ij exi Tha e 


... ... 


ln ein —l,, .. 


according as n is even or odd, 
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This determinant, on developing in the ordinary way, reduces to the 
sum of n--1 others of the same order 


il 
i+ 
г 


lg- ee 
lá +1)1 


ls 41) 


xS Lie 
len +1)n 
(1) b. 
алу b. 
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I, 1 see big 1) lin 
i 1, 1 ... bin 1) as 
+ tga) ove een + oe 
lá «1x ... eee see 
karpi се ja-1) Қаға 
1,, Ls 1, » 
1, 1 . 
ЖЕ Р ] ] 
" (19 ] 
l+ У 
1, 1 ... ... К+)» 


Therefore, if each of the determinants within the second bracket be 
expamded as functions of equal constituents of the row containing them, 
we have, as a simplification of the determinant, 


t, 1 1, 9 1, LI 
[A 1 pee eee oes 
+[ | 
ln +1)1 eco oss Katin 
[А 1 L 2 ss Lis 
1, 1 ls, s.: ... 
— ` eee eee + *.... ]. 


ls 1n vt on In i)n 


А 
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So that ultimately 


Hd 
l 
Et 
~ 
a 
+ 
= 
фай 


Bimilarly PSs = La, 2 
and go on for the others. 7 

Hence the co-ordinates of the centre of the n-spheric inscribed 
within the simplex are given by 


grat. 
Ji 


T = (IL) 


DEELT 
= Vey 


3. Any linear locus passing through the points of intersection of 


the faces LU and LË? is of the form 
n atu. 


where А and » are two arbitraries; if, moreover, this locus passes 
through the middle point (a,) of the opposite line, t.e, the line of 
intersection of the remaining n~1 faces of the simplex, its equation 
reduces to the form 


()r() 7 @ 7 @ , 
L DE L Ls)? 


. а 


where L” and y are the results of substituting a, for x, in 
(ar) (ex) 


L) and L respectively. 





L `É 
But ad ¿ po oe Я 
L Lys +1) verd 


Le 
therefore ^ — — E) = р ( US L, Ly; 
2L (n1) L (4.1) aD зат 


=at 
+L ( 2 61; 


% —L,(s 1) A (since z 1,,L,,=0) 
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Hence the locus under consideration may be written as 
(0... o. | 
Lin +1) L = L, +1) L (HD; 


there are, вв before jn(n+1) such loci" and they intersect in a 
point. _ 


Now let us consider the two loci 


(r) (2) (r) 


(p) 
(+1) L —Dyn +1) 1, 1+1) L L 


= Lotn +1) 


of (III). The first locus passes through the points common to o? 


and pa, i.e., ib passes through the n—1 vertices 
А,, A,,..... A... А, Ар АА отно Аах 


of the simplex, and through the middle point of the line A, A,, z.e., it 
passes through the n—2 vertices, 


and through the bisector of the side A,A, of the triangle A, A, A,. 
Similarly the second locus passes through the same n—2 vertices and 
through the bisector of another side A,A, of the same triangle, 
Hence the two loci taken together represent a space of n—2 dimen- 
sions passing through the n—2 vertices and through the centroid of 
the opposite triangle. Thus, there are 


(n-+1).n.(n—1) 
3! š 


independent spaces of n—2 dimensions each of which passing throngh 
a group of n—2 vertices passes through the controid of the opposite 
triangle and these spaces intersect ina’ point. In a similar way the 
three loci 


(r) (в) 


8 
Пк +1) L 


: (r) (p) 
Len +1) L ? Lyin +1) L —Lo(n41) г, 


(в) (а) 
-Linan E La E 
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taken together represent a space of n—3 dimensions which passing 
through the n—3 vertices, t.e., all the vertices but А,, A,, A,, A, 
passes throngh the centroid of the opposite tetrahedron. There are 


— (n--Dn(n—1)(n—2) 
EUM 


such spaces and they intersect in the same point. Proceeding thus we 
have finally 


Š (n+1)1-- 
>. > ^ aces, s 

or n--l lines-each of which passing through 8 vertex passes through 
the controid of the opposite simplex of'(n—1)th order.* These lines 
meet in the same point, given by equations (III , which has been 
called the centroid of the simplex. (Tt is apparent that the idea of 
the centroid of & simplex is the same as that of centre of gravity 
of equal masses placed at its vertices). Solving n equations of 
(III) for - | 


. 


amj; PEL Qi Lj unt], 


we have 
F =Q = фе = (say), 
where 
Qu 
" TROP. NE lsLa(ne1) 7b sLj(ns1)-- a Lint) 
: SLE. 


t, iLo(n+1) —1; Lin +1) eod, »Ls(n &1) 75; Lij(n 41) 


lj-1i Щў—-1ж+1) —*ibj(ae1i) 
I «11 L(j+1)(n+1) =l; Lin+1) ... wee 


Uns pi linen atlama C. HKa+1)nLG+1)@+D 
) - -l, »Li(n 1) 


&coording as п is-even or odd. 


ma ` * Of, Manning, $ 118, 
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This determinant, when expanded in the ordinary way, is equal to 
the sum of (n-+1) others of the same order. 


L íLI(n+1) l,,Ll(n+1) eng Ja La(n 1). 


sal lG-D1 LG-iy(n+1) + 
TE] gain Deine) 


Wn &1)1 L(n+1)(n41) --- c Im en Pn 3) (n4 1) 
ly 1LA(n +1) l sLi(n+1) ose 1, яп +1) 
l, sLj(n+1) 


л 


= { li- 1-1)(а+1) 
lj «iy LG +1)(n+1) 


Ka+D1L(a+1) (n4 1) e. l, Li(n 1) 
+... 
1, 1а 1) 1, Li(s41) ... l,..Li(n+1) 
t, 1Lj(n 1) 
T T l(j-1)8 L(j—1Ya +1) ... ) ] 


1+1) Ly+1)(n+1) 


1, iLj(n41) T n1) (n 1)(241 
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This when simplified is reduced, as before, to 


Ly La(n+1) ase ls Le(n 1) 


il 
H- 


[ 1, iLg(n +1) 


Ka+1)1 L(n+1)(m+1) + Ln & 1)9nL(n*1)(n +1) 


t, íLi(a+1) EINE l „(п 41) 
la Lig(n +1 PE sts 
31+48(n +1) +.) 


1л +1)114(п +1) (п +1): Қа+1)а L(n+1)(n+1) 


Во that 
, а= (n 1)H Lit 21), j=l, 2,...... n+l. 


Again if in the determinant Q we replace 


lul, ...... L, by PE bress КЕ le(s 41) respectively, 


amd so on, we have 


by sLia(n +1) m la(n +1) La(n+1) 


Lg 
lI 


ln«igl(nei(neii Ta+1DG+2DLDG +1) (а +1) 


=1,, (а +1) Ls(n 1) «+ Lin 41)(n 41) 
Lg Lan +1) La(n +1) oe D(n1)(n41) Же. 
+L (n44)1 Li +1) Los +1) senses Lay(n +1). 

Thus the co-ordinates of the centroid are given by 


justi L 4 


1 ; 
а Em DL. |, t=), 2,...n. (IV). 
i n+ [ за} jin +1) 
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4, Any linear locus passing through the vertex A, of the simplex 
is of the form 


Ak AERE. X pa ay PD) ш... 
iy OPE ape 
where А, Às....... are any n arbitrary quantities. If it is, moreover, 


parallel to the opposite face L), then, since the relations 






Al. + ...... TE l А +À, 1. Teh р ar ceto 


will determine the ratios of À,,À,,;..t0 one another, the equation is 
easily reduced to the form Е 


1 | @-1) 
Ly (nay Di Met Ljan LY 


А (3+1 
+ Lg 41)(n+1) L? Naso Lis +1)(n+1) po*2 А 


There are n+l such loci corresponding to 
i=1,9,......n+1, 


and these loci form a second simplex of the nth order which is, evi- 
dently, similar to the original one, It is easy to see that the centroid 
of this derived simplex coincides with that of the original one. For, 
since 


Ly Ly (naa) Fl Lan +1) Fe Ie Leer (n1) 


vanishes for ј=1, 2,...9 and is equalto A for j-n"-Fl, the above 
equations may be written as 


Lias ПОА (У). 


Solving the equations (v) for j=l, 2,...n, we get 


1 


= 28 s,s 55 == (say)... .. 


B 


By 
ade В, 
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where 
Lali, ` "Өз by ala (41) : 
Uy Lega +1) d ... ... 
R=+' -> ... es Seite 2" 
1, La (n +1) la "Lin +1) 


according as n ів even or odd 


=I Livy +1) » J=1,2,...n+1, and 


lalim Һә Шар) amet yey А 
hoses | cae 

Rm sss ss m sas 
less 1) e анж Laney A 


=Lin41)1 Гаа +1) Langa) Ena 7 Аа +1) Lage 42) 











i lis ... Le L - . œ 
1(n+1) 
lis E 
x ч 
las 1.1 1 
L, +1) 
But the last determinant of the nth order 
Is; ias MM log 
=F 7 1 ... i ese 
"EM l(n-1) pee eso, — 2 vs 


Lag ... ... ` L, 
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lis РІГ .. lin 
ee ls, e ls. fe ] 
Lots +1) . ... : 
las lan 
according as n is even or odd. 
-=e Dies) 
AL Equi) Latii Та+1)(я+1) 
1 
L,, Lo(n +1) 
1 RO 
+ - L > L +... ] 
Los +1) - (n1) (n 1) + 1) 
В», lim Laer Ua ty) 
ilg. Leen +1) Da + 1) (n+) 
LaLiga Lasmi ebatia te 
=ë Lolli) Legs +1) (н -1)(а +1) (а +1)(n+1) 


—nLo, +1)1 Lisa 1) Lots + D ^ Lien £1) 


Thus the co-ordinates of the vertex A’, of the derived simplex are 


given by 


z 


ecb: +S ri 


L, (51) L, (n1) 


where 2 is the summation for 


r=l, 2...j—1,;+1,...n+1 ; 


(VD), 


and ће n co-ordinates are for ¿=1, 2,...n. Thus we see that the two 


centroids coincide, 
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Again it follows that the co-ordinates of the centroid of the simplex 
of the (n—1)th order whose vertices are all the vertices but A’, of the 
derived simplex are given by 


p | EENAA Is +L. 4 L@tni } 
Damen Lots +1) Ls +4) (0 +1) 





+Í” TAA ena...) 
Li Las 1) 








та Е е0 у E 
loss. MP caen! 
12-шы. m x: Oyen yy 
lin Lç+1)n+1) 
+...) 
= L,. 5 
Lien 41) 


which is the », co-ordinate of the vertex A, of the original simplex. 
Thus the original simplex has its vertices at the centroids of the faces 
of the derived simplex. 


Again the centroid of the surface-content of the derived simplex is 


the centre of the n-spheric inscribed in the original simplex t, and are 
thus given by (II), 


The linear locus bisecting the angle between the faces 
Dyn +1) LOW A and L,(n +1) LOW A 


of the derivéd simplex is easily seen to be 


L(0— r6. A. T sb. 
(x Lyn 41) Fa) 





There are ety) of these equations of which, as before, only n are 


independent and thus these loci meet in a point. Solving these 


* Vide, Burnside and Panton, Thsory of Equations, Vol. IL, 8 146, 
E f Proceedings of the London Math. Воо, ‘Properties of Simplicissimg,’ 
Vol XVII, $ XV. 


f a 


i 
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equations for r=1, 2..--, 7-1, j+ l..n-l we geb ав the co-ordinates 
of the centre of the n-spheric inscribed within the simplex 


Ly, by on. И ss 
Sm G-1u 77091 - | ` 


ljani Thn. 


+) а + ө: leis b 


according as n is even or odd, 


Jent 


1(%+1) 


2=1 25% 


hal з Шу) Щв+1) 
1-а La " in 
B, 51) —-l, ... ... 


4 m ... ... 


la +1)2 l, 1% а +1)(n +) 9+1) 


1 1 


1 wif m. “А-5 ie a! 
MTS. Qn Lin +1) Li(s +1) 


ээ» ene 


La | tiene The m S 


lgan Cl, a... cee ... 


1 _ 1 
""щв+1(э+1)  Pjsen 





larna Thetan 
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The first determinant 


jart 
= 7213 
2=1 


and the co-efficient of —A differs from this determinant only in the 
last column, where in place of bine) — Ln 41) ». We have 


1 _ 1 | 
— өө 
aai Liner) 





во that it may be written as the sum of n--1 determinants 








1 
Lys lis Ly 1) 
n+ 
lss 5. 
1 P ae 
: rns Lin +1)(n+1) 
1 
i 1 Бе» 
1% їз Dien 
lss lis 
— +... 
TT — 1 _ 
ehe Ls +1)(n +2) 


Таа Teng) 


+... 
Lon 41) 








Li, L 
++, I(n+1) } 
Un 1)(n1) Tei (а +1) 
m D La Lana) 
Lyne) Tir Lanny) 
L, ^ L 
? r d tbe] 
8(»+1) ini м Len +1) `. ... 
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= [Чаа +... + Lesa) 


т С Tant) tLe) t Dien) «0? 


~~ Т (+1) Thanet) te thn +t) (ng) 
Q(n+1) 


L 
— G+) (ү, +...+L ) 
Tena 1)Y(n+1) +1) š n(n+1) | 





1 
E E FL +i)" in PAD 


D 


“+ Logan tet Laro) In f =] ' 
ен, 
- CË taw) E ш) 
в,=( E ten (CE e) 
„ CURE) 


Thus the co-ordinates of the centre of the n-spheric insoribed within 
the derived simplex are given by 


Ex 


32441 
[nnt L = L;, 
muc ERO ln po WERL. гы (VII) 


281 Lt 41) "= L. 
“1 
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Now suppose O, G, H are respeotively the centre of the insoribed 
n-spheric, the centroid and the centroid of the surface-content of the 
derived simplex. 


The line joining O and G are given by 








= (2 Aj [> pow Sr | 


=... =p (say) 
whence * 


Е, = Е -—= (= r 


+1) 


L =L 
St = с=т. 
Шу “Lj; 41) 


(= always extends from j=l to j=n-+1) 
Hence if 


which is the e, co-ordinate of H. 
Thus OG passes through H and OG=n.GH. 
5. The equation of an n-spherio may always be put into the 
form ' 


= 2242 € B,z,+0O=0, 
1111 


where B, and О are n--1 arbitrary constants. 
If it passes through the n+ 1l vertices of the simplex we shall have 





ins '=я 

d = D = B, ai 
S TR +C=0, 
L+) J(n+1) 


there being n-+1 such relations 
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corresponding to  j—1,2....5--Fl. Eliminating these  arbitraries 
b.tween these relations and the equation we get as the equation of the 


n-spheric circumscribed about the simplex 


=u, 24 Ba >s fa 1 


bts В 
eo Lu lag oes Lin ... L1) 


E < 
ZU +i | 
Line Dat) Р Zn "T Ша+1)(» +1) 


=0, where = extends from t=1 to ==. 


Or F(3a,°)+25G,0, +H=0, 


. where F=A", 


SL’; 
Li(n +1) 


eee 


Ly 10:1) Li+ — Ian 


... ... ee - 


—2G,= + 


. ... ... 


= 1 ау Š 
ae ZI e Ln 1)(n4 1) 


- L, +1)(n+1) 


according as z ів odd or even. 


Lgi Dai) bags: абажа) 
ZL*. EN E "E 
=< [n.n P a š; T | 


Щз) — L(a+1)(n+1) 


£ 





3 з 
= д"! i (EL 1: ) + li (EL 2: ) 
i Li +1) Lon +1) 


+ 1-1) i (n1) |. 
(n+1)(n41) 


\ 
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Similarly 
—He atr ha (ED? +... + das 1) ал) (21 41) p ] 
Lin +1) Lin+1)(n +1) 


The line joining the centre of the n-spherio circumscribed about the 
simplex and the vertex Aj is given by 


Li, 
L;(s+1) 
1 1 (£5, a1 (ZL'g) 
2AL Liis+1 Гэ(»+1) 


Vy 


+ l1 туу) L;i 
Ë L(n+1)(n+1) "nen 





If, therefore, p, represent the length of this line joining A, to the 


opposite face 1 passing through this centre, then since the square- 
roób of the sum of the squares of the denominators of the above equal 
ratios is exactly equal to the radius, R, of the n-spherio, each of the 


ratios must be equal to 02 ; then р; is given by 


B 
2 a Ls ha (E Li.) 
A L ieu veu " 
з, (ELA) 
T 2% L ТҮШ +... w... ........ 
l(n+1) 


_2 Azlabe JL 5e 21,1. i + L; (n+1)=0, by virtue of 
j(n+1) j(n+1) 
the equation to LË : 


Or u 


2 > 
Ais E (ay n 228 (as ta) + 





L (41) 
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2 2 
2L. 2L ў 
+= J +......... +000. ( el; Lax) 
iat) (n+1) (n+1) 


2A Cyst) Adern] CENE ENSIS 
(я +1) Lja ? 


` 





+ 


zx extending from 1—1 to =n. 





There are n+ 1 such lengths corresponding to j=1,2......... n+l. 
Whence ` 

ded oct 2 2 2 

A - P, 2A? [ (> Ly + 21. +......... F eli) ) 
2 А 
=u, 
+ í Dotai) (Fas 19) + Laine) (Eli gi ) e 
L 1(541) : 


+ Ls 1) +1) (Zl; Vnii ›} +... 


2 
+ =L, +1 


—— L (mil | £ i v) urea coro 
2 E l(n-1) (Di 1 


+1, (пат) Gasp d) —ma] 


But 


EL 
P [Ly (She big) + Dui) (ЖЫ bay) + 
Ly (a +1) l@m+1) `< jt 71 2(n41) "4 te 





+ L2) sy GI lg- FU Gay mere a Gays dF -- 


+ Loos); Yn says J 
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° ' 





Be G." 
hls Ча san) the (b Diaan) ese 


+1 Gn 5j 1) 2] 
= zi , where in the summation ¢ extends from 1 to n. 


. Hence 
j-n-41 R 
š — = з. 
j=l p, 
Oor, If p, represent the length of the perpendicular from A, on 
the opposite face of the simplex, then the coordinates of the foot of the 
perpendicular are given by 


®,==p,l,.+ Tis 
ESFI SA Gs 
j(n+1) 
Hence p, is given by eie. 


ian 


ОЕ 
2, 1, (psty, + Lis, Hbr) = 0, by virtue of the 


equation to- L” 
By easy simplification we get 
L,+-4 =0 
Liyn+1) 


Now, if r denote the radins of the n-spheric inscribed within the 
simplex then, from $ 8 (II), 7 is given by 


> Janti 


XER = L; 
Iz ln [8—1 + Жылу 70 


з= 


Q re nsn PD +A у xe . 
lj.) +1) 

От poire =0. Thus le "m L 

2454-1) r =з p, 
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Hense, when the simplex is regular 


т=—Р.; В =P, where p is the altitude - 
n+l n+l 





and, from $ 2 (1). Sec LL-», where LL is theangle between two 
faces. ; 


6. From the last article, we have 


sg -[ en |^ 


+ 


Lin 























SLi, L,, Lis Lii) Шү) 
So a en, F ge ...... E 1 
l(n-1) “1(#+1) “1(%+1) Jl(n-1) “I(n+1) I(n+1) 
\ 
521" 2 
nt dà "U 
Ant) 2(n+1) 
eL uni | І(я +1)» д 1 
1 ци ES 5 "T a таа 
(5 D(n +1) (5&1) (2+1) 
0 о. 1 I 0 C 
„ео. "ien 1= 12 2h, b И T Ly ГИ Ps 1 
Leet) Шилу o Dian Lian 
21", x 21 — 
Detni) Lanai) 
21 ls мог Latia 1 
L'(a1)(n41) Lean) 


where = always extends from i=l] to тшп, 
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(— ct > 
= oy Ex 
0 0 1 0 0 
2 
2L, L,, I, L,. 
2 (+1) Liman Шүн+1) 1 
1(%+1) 
9 S 
eb. Ly, à 
2 L 
(n +1) 2(п +1) 
2 
L 
Элу Len 
2 Eo L 
усе) (+1) (5+1) 
o 0 0 —2 0 0 
2 
—2 Lu —2Lis —@ ly; —2 Lin =L ú 
L f 
1 (n+1) Lis a1) Lit +2) 


7 
Ly (m+1) Li (+1) 


—2 La —2L y 


qol E 
< Lo (41) Los 1) 


ent 
Ls +1) (n 41) 


=L, 


5 5 
Lo(n41) 


Shy 1), 





2 
Lin +1)(%+1) 
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[ween 





n 


-?Lg ——92L, 


Lien Legen 


—9 L, 
1 (A,A,)” 


L; (n +1) 


0 





NI 


—2 Ly, 0 


Loa +1) 


(A,A,)? 





—@ 
азн A) 








Ls 1) (n41) 
BM Е 
2 
ZL 
2 
(2+1) 
=m. 
(IL (n+1) д : 
gn Loc, + 
SL 


w 


1, (n+1)(n+1). 


4 





(A,A)? uL (A Anp)’ 
(A,A)? (A,A...) 
0 
" li. 
L, (+1) ка 
Lai е. 
1) Lyin +1) AD 
2 
(+1); 
La 1)(n41) 


2 
Ls e1)(n41) 
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1 
Lian: (ағ) Ly (n 4.1) 
eit Та, ae Don 
Lo (s 4.1) Lg (41) ; Len +1) 
1 Last) | AE . +)» 
Ln +ту(в+1) | " | | (а +1)(п +1) 
: ВЕ GIL; +1) )* 
 (—)"'. 
0 0 ee 0 . 1 
Š a igh 
Жык Ж Liu Я Li. " 1 
ы Та (+1) : Таа) 
2 
zy Dj 
2 L 
Пк +1) Aen. 
Lš 
= (n+1)i Lol) 
5 .. aes T me 
Кей , (n+1)(n+1) 
0 0 0 |. bea 0 1 
—2L;, fes 2L, — 2L. Su 
1 —— k owe —— 1: 
Li (n+1) Liman Li jst) y o. 
. l(n+1) 
| 2 
x] a cL " ba и зен. 
Paan Төз) 
2 
1 kë 2L +4) 1 xl is -2L (n*1)n T 
аж) L(n1)(n41) ОРА 
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= GIL p)? 
"s: (—2)" 
2 2 а ` 
po =u. Эв Lac 
3 2 3 
Li (41) Las +1) Ls 41) (n +1) 
1 0  (A,A,) (4,45)? (A,A...) 
1 ` (A,A,)? 0 t (A,A,)* ... (A, A.4:)? 
1 o (AnA) (A.A...) 0 
Hence 
12a _ H 1 os 
egy. PR ge л 
-OD 2те 
= [| A" 
—214; —2Ls, 
: Гв 41) La (n1) 73 Lbs epi 
Two 0 (A,À,)? (А.А » 
Li (n +1) a pes 
е Lo; 
х[ > La(n+1) (A.A. B (A.A...)' 
L ; 
(nt 1)i 
IP MEE SS ы sea: a 0 
Ln +1) (n+1) (А.А) 
2 2 а 
2 >, —?2LX Am Ely 
Li (wt) La(ntt) T(n41)(n+1) 
1 0 (A,A,)? (A, Aas)? 
T 
1 (A,A.,)° 0 (A, Aya)’ 
1 (A...A.)* 0 
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developing these »+1 determinants of the (n4+2)‘* order in products 
in pairs of the contituents of the first row and column itis easy to see 
that the simplification is only the common leading first minor. 


Or (—1)*2**(R. n! V) 
= 0 (А,А,)? (A, À,)* ... (A,A.+.)' | 
(A,4,)* 0: (A,A,)* EA (A,A...)° 
э PM ! 
(A,4,A,)! (Aa A)? (Angi dn)? -.. 0 


Also, from above, the coordinates of the centre, given by 


—G, —G,F 
R OFS 


_ (|f HL À 
—  Q*vl A? | 





0 0 Vae 1 ex 0 0 
r L | 
21; 11 Li, Li i 
Ro one Й ere L 
ТЕЕ Li (+1) Dita) l(n+1) 
£ 
2 
=L, Lai .. 
x 3 T 2 
Le tn +1) ater) ` 
L | L 
ZL, y oe se ЕЕ s 3 


Luya tb L1) (n41) 
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x 0 0 0 A 0 1 
2 
1 —2 Li, —2 Liz Ре —214, 211; 
Тык тт 2 
1(®+1) L a1) I (wai) Lose) 
-2Lg —2 L o 
1 UM oe 
Loa (n1) Lo in +1) 
—2L 512 
1 £ (»*1)1 .. is i : (n+ Di 
(tD (т) sere eee 
(=) 
2"(n! V)* 
"b ag Dy; Ly . Latni 
Lin +1) Len +1) in L(s1)(n41) 
1 0 (A,A,)° S: (А.А, +,)* 
1 (АА, )* 0 Ж“ (А,А,,,)* |* 
1 (A.A)? (A...A.)° ... 0 


* Of, Dr. Ganguli, * Analytical Geometry of Hyperspaces' Pt. 1, §§ 45, 18. | 
Bull Cal. Math. Soc., Vol. XVIII, No. 1. 





BHASKARACHARYA’S REFERENCES TO PREVIOUS TEACHERS 


BY 
SARADA KANTA GANGULY 


(Ravenshaw Oollege, Ouitack) 


In his article on the Source of Hindu Mathematics which appeared 
in the Journal of the Royal Asiatic Society for 1910, Mr. G. R. Kaye 
wrote as follows regarding Bhüskarüchürya : 


“ He even reproduces Brahmagupta’s one example of 'fudging? 
and frequently in this section refers to ‘ancient’* authorities and none 
of the cases so referred to can be traced to Hindu mathematicians’,’ 
(p.755). . . - 

In the same article he again writes: f 

“ Brahmagupta and Bhüskara distinctly indicate that they were 
compilers only, and frequent references are made by them] to the 
‘text’ and to *anóient writers, Oolebrooke was misled into supposing 
that these ancient authorities were Hindus, but an examination of the 


* Bhüskarüchürya uses the words q NU and qatar’: which should be 
rendered as ''by my predecessors," “ by the first or original writers" and ‘ by 
previous teachers.” Мг, Kaye’s rendering of these expressions aa the ‘ancients’ 
leaves the matter indefinite and includes non-Hindu tenchers, which is obviously 
against the spirit of the context. ‘‘ Previous teachers” presumably refer to those 
of one's own country unless the contrary is suggested by the context. 

t J. R A. 5., p. 759. 

-f In the mathematical portions (vis., Ohapters ХІІ, XVIII—XX) of Brahma: 
gupte's work Bráhma-sphuta-siádhánta I have come across only one passage which 
seems to contain a reference to ancient teachers, 1% occurs in the obscure chapter 
on Permutations. It was only the Hindus who had been studying tbe subject from 
before tho Christian era. Other peoplea turned their attention to it several centuries 
after Bhaskaréchirya. ‘The above reference must have, therefore, been to Hindu 
teachers, Will Mr. Kaye kindly quote the passages in which Brahmagupta is said 
to have made frequent references to the ‘text’ and to ‘ancient teachérs’ as autho. 
rities for his mathematical rules P | 5 . 
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references shows that the cases so referred to are just the-cases that do 

not occur in earlier Hindn writings.” 


Again in 1911, Mr. Kaye wrote:* “ Bhaskara often speaks with 
disdain of Hindu mathematicians and refers to certain ‘ anoient 
teachers’ as authorities. If these ancient teachers had been Hindus, 
he would most probably have mentioned them by name.” 


These аге some of the arguments which, in Mr. Kaye’s opinion,t 
tend to prove the Greek or foreign influence on Hindu mathematics. 
The above arguments might be analysed thus: 


(1) Bhaskara often speaks with disdain of Hindu mathematicians. 


(2) The ancient authorities to whom Bhüskara refers were most 
probably foreigners as they have not been mentioned by name. 


(8) None of the cases which Bhaskara refers to ancient teachers 
can be traced to Hindu mathematicians. 


Here I have stated the arguments in their logical, and not in their 
chronological order. For, Mr. Kaye's articles are not likely to create 
a lasting impression separately. A reader of Mr. Kaye will consider 
all his arguments without any reference to the time when they were 
published. 

_ Let us examine the above arguments in order. 


(1) In the mathematical works of Bhüskarüchirya I have not come 
across even a single passage in which he may be said to have undoubt- 
edly spoken of Hindu mathematicians with disdain. In his Indian 
Mathematios (1915, p. 21), Mr. Kaye writes: 


~  'eBhüskara condemns them (t.e, Brahmagupta, Mahavira, and 
Sridhara’s rules relating to cyclic quadrilaterals, outright as unsound, 
* How can a person " he says “ neither specifying one of the perpendi- 

- eulars, nor either of the diagonals, ask the rest? Such a questioner is 
a blundering devil and still more во is he who answers the question." ' 


Perhaps ihe passage whioh has been translated by Mr. Kaye as 
above is the basis of his remark under consideration. This is appar- 
ently the only case of condemnation which he has been able to discover 
in the mathematical portions of Bbhüskarüchàrya's writings. But he 
does not hesitate in repeating (Hast and West, July, 1918, p. 678) his 
remark that Bhāskara ‘often’ speaks with disdain of Hindu mathe- 
maticians. On the other hand, there is not sufficient reason to suppose 


* Journal of the Asiatic Society of Bengal (J. А. S. B.), 1011, p. 818, 
+ East and West (Simla), July, 1918, pp. 678 and 679, 
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that the passage -referred: to above contains any condemnation of 
Brahmagupta, Mahavira and Sridhara. Вһавката does not seem to 
have been awave of Mahüvira's work. Towards the end of his Vija- 
ganita Bhaskara acknowledges Brahmagupta, Sridhara and Padma- 
nübha's works as his sources. This fact has been noted also by Mr. 
Kaye in his Indian Mathematios (р. 37). Не also writes that “ Bhüs- 
karaécharya’s Lilávati is based on Sridhara’s work” (Ind. Math., p. 24). 
Brahmagupta and Sridhara make no mention of Aryabhata’s value of т 
but use an inacourate value viz, 4/10. If Bhüskara had a mind to 
speak with disdain of Brahmagupte and Sridhara, he could not find a 
more suitable occasion than this. But what do we find P Bhaskara 
supports them by saying * that they took the value 4/10 for the sake 
of convenience (88194) and not because they did not know Arya- 
bhate's value (a fg @ 4 amaa). Itis very difficult to reconcile Mr, 
Kaye's remark under consideration to these facts. Let us, therefore, 
examine the passage which seems to be the basis of Mr. Kaye’s remark. 
1% runs as follows : T I 


tal: 9 ата Гб 9 | x 
Tease fracas eau п. 

@ vera чата! ar qar at fate: | 

at чаб agiriena fefe u” 


‘Sudhakar Dvivedi’s edition of the Lilávati, p. 44. 


-It may be rendered into English thus: 


* Without specifying one of the perpendiculars or of the diagonals 

(of a quadrilateral with given sides), how can one ask to know the rest 

as well-as the definite area inspite of the area being indefinite ? The 

- questioner who does not know that the area of в quadrilateral with 

given sides is indefinite is a devil and still more so is he who, being 

ignorant of the indefinite nature of the area of such 8 quadrilateral, 
answers the question.” 


It is difficult to believe that mathematicians like CN and 
Sridhara did not know that a quadrilateral with given sides cannot 
have a definite size and shape. Brahmagupta has given rules for 
finding the area and diagonals of a cyclic quadrilateral. But he has 


* Biddhanta-Siromayi, Goladhyáya, Ohapter named Bhubanakoóa, BhAskara's own 
commentary оп verse 52. N 

+ Dr. Bibhutibhusan Datta has kindly informed me that here Bhaskara has | 
echoed the remark made nearly two centuries earlier by Aryabhata the Junior in the 
Mahd.siddhünta (Chap. XV, verse 70). 
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not expressly stated that the rules are ирер to cyclic quiere 
terals only. His rule for the ares is 


A= (is—aj(s—b)(s—o)ts—d). 


Bhaskaracharya also has given this rule for the area of any quadrila- : 
teral ; but he says that the area thus obtained cannot be exact. It 
would be well to quote his discussion of the point here. He writes: - 


“The diagonals of a quadrilateral with given sides are uncertain. 
How can, then, the area be definite Р It is only in а set of quadrilaterals 
imagined (wmfmü*) by previous teachers and not in others that the 
diagonals found by them can exist. With the given sides the measures 
of the diagonals and the area can be manifold, For, if one pair: of 
opposite vertices be drawn nearer, the diagonal joining them is shorten- 
ed and the other diagonal lengthened, the vertices joined by it going 
asunder.” 


ls it unlikely that Brahmagupta and other mathematicians knew 
this fact P Even if we make the absord supposition that the explana- 
tion given by Bhüskara for the uncertainty of the area of a quadvilateral 
with given sides might not strike Brahmagupta, we have got Aryabhata 
to suggest 16 to him. Frequent references to Aryabhata which occur in 
Brahma-sphuja-siddhanta leave по room to doubt Brahmagupta’s intimate 
acquaintance with Aryabhata’s work Aryabhafiya. The 18th verse t of 


* In Sudhakar Dvivedi's edition of the Lílávati (Benares Sanskrit Series, No. 
153) this word. occurs as qafat which I have changed into чаб for the 

~ folidWwing reasons : 

(a) The word wafer} (imagined or assumed by one's self) can refer to the 
diagonals only. If the diagonals are first assumed or imagined, what is the necessity 
of finding them again P So, here the word cannot be used aa such. 

(b) The expression ес wp wj; means that “they (i.e, the diagonals found by 
previous teachers) do not exist elsewhere’ Во it must have been stated where they 
exist. Hence the necessity of the word ч! qualifying the noun чүн suggest- 
ed by the context. 

(с) This view is supported by в commentary written by Sridhara Mahapštra 
more than 200 years ago. Ав found by the present writer in в matusaript, the 

- commentary on the passage runs thus: er aay ara at ач ата] wig aaam efir: 
бз хеч A aa wae mq va ч{ейй = s: waa; The form 
maA seems to be better than qafa. As qaqaq has the sufix q denoting 
the seventh case, во the word «ату must be in the seventh case. 

+ Mr. Kaye mistranslates faya (a triangle) as a ' right-ahgled triangle,’ sgg at 
{a quadrilateral) as a ‘rectangle’ and ad (a diagonal) as a ‘hypotenuse’ (J. A. 
8, В. March, 1908, p.128). © 
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its second chapter (Gasitapdda) states that a quadrilateral is determin- 
ed by a diagonal (besides its sides). Similar remarks might apply to 
other Hindu mathematicians also. Hence the-passage quoted above, 
far from condemning Brahmagupta and other Hindu mathematicians, 
does not even contain an indirect reflection on them. On the contrary, 
"Bhiskaracharya seems to support them against their detractors by 
suggesting that the rules were meant for a certain class of quadrilaterals 
only. This view is further supported by the fact that Bhaskaracharya 
himself proposes simpler rules* than Brahmagupta and others for 
findirg the diagonals of quadrilaterals which the latter had in view. 
What differentiates such quadrilaterals from others Bhüskarüchürya 
does not seem to know. 

- The passage quoted-above is a general БИИ aimed, not against 
any particular person or persons but against those who might take the 
above mentioned rules of Brahmagupta to apply to any quadrilateral. 

(2) Tf really Bhaskaracharya had a low opinion of the Hindu 
mathematicians, it would be but natural to think of non-Hindu 
mathematicians when he referred to previous teachers as authorities 
without naming them. We have just now seen that there is no ground 
for thinking so. Mr. Kaye also knew it too well. He has, therefore, 
given another argument in support of his view. He says that, if the 
previous teachers had been Hindus, Bhaskarachirya “would most 
probably have mentioned them by name.” Bhaskaraichirya sayet 
that the diagonals found by previous teachers exist only in quadrilaterals 
imagined by them. He does not name them at the place. But, for 
that very reason, we are not at all justified in holding that those 
teachers were non-Hindus. For, on a subsequent occasion (page 50) he 
mentions Brahmagupta as one of them. Just as it is absurd to think of 
outsiders when references are made in a public meeting to previous 

` speakers so it is absurd to think of foreigners when an Indian mathe- 
matician refers to previous teachers. su 

(3) The third argument is the most effective and the boldness with 
which it has been urged is sure to mislead one who has not the 
opportunity to verify its correctness or cannot think of doubting the 
accuracy of a statement made by an investigator of the responsible 
position of Mr. Kaye. Colebrooke was & great Sanskrit scholar and 
had to teach Sanskrit in the Fort William College in Oaleutta. He 
translated the mathematical works of the Hindus which were available 
in his time, When, therefore, Mr. Kaye writes that “ Colebrooke was 


* Sudhtker Dvivedi's edition of the Lilavatt ола, рр 51 and 52, 
+ Ibid, p. 44. 
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misled into supposing that these ancient teachers weré Hindus," 
it is but natural for European and American scholars to regard 
Mr. Kaye as a great Sanskrit scholar with a greater degree of direct 
knowledge of the Hindu mathematical works. But this is far from 
true, as can be seen from Mr. Kaye’s translation * of Aryabhate’s 
Gazitapüda. Опе should, therefore, be very cautious in accepting his ` 
interpretation-of Sanskrit rules. His bold statement, viz., “ an examina- 
tion of the references shows that the cases so referred to are just the 
cases that do not occur in earlier Hindu writings,” in theface of Cole- 
brooke’s views to the contrary, cannot but betray a serious misreading 
of the fact аз the following examination of Bhiskaraécharya’s references. 
will show. 


In the L4lávaii and the Véijaganita Bhüskaraüchürya refers to un- 
named previous teachers fourteen times only as noted below. Of the 
fourteen cases the first six occur in the Lilàvatt and the remaining 
eight in the Vijagantta. m 

[N.B.—Here the references are to Sudhakar Dvivedi’s editions of 
the Lilàvati (Benares, 1912, B. S. S. No. 153), the Vijagagita (Benares, 
1888 , and Brühma-sphuta-siddhanta, (Benares, 1902).] 

(i) In the verset giving the names eka, daga, gata, &c., up to 
parürdha Bhüskara states that these names of places have been coined 
by my predecessors (94:). Were these names used similarly in any non- 
Hindu country Lefore Bhüskar&chürya? Certainly, here by ‘my 
predecessors’, Bhaskara refers to Hindu authorities. Mostof the above 
names have been used in the same sense by Aryabhata, Mahavira and 
Sridhara. 


(it) In the rules f giving the sum of the cubes of natural numbers 
beginning with unity Bhüskara says that it has been stated by- the 
original writers (wtq:) that the sum in the question is equal to the square 
of the swm.of those natural numbers. This rule. bas been given by 
Aryabhata (vide Aryabhufiya, Chap. II, verse 22, and also J. A. S. B, 
1908, p. 132) and Brahmagupta -(vide' Brahma-sphufa-siddhanta, Section 
on Series, verse 20). : 

(271) In the chapter оп Mensuration (Lilavati, p. 44) Bhüskara says 
that the rules for finding the diagonals of а quadrilateral of known 
sides, as given by the previous teachers (mẸ:), are applicable to 
particular cases of quadrilaterals and not to any quadrilateral. Such 


* J. A. 8. B., Maroh, 1008. 
+ Lildvati, p. 2. 
£ Ibid, p. 52. 
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| 
fules ogonr-in’ Brahniügupta!s ‘work’ Brühma- sphuta- siddhanta, ‘Section 
on Mensuration, verse 28). On page 50 of the Lildeati Bhüskara says 
distinctly that the rules were given by Brahmegupta and others. 


' (tv) On page '52^of the: Lilavatt Bhaskata again refers to the 
"previous teachers qe 7) who gave the Tales considered in (ит). 


(v) The word ware Fe (pravadanti) which occurs in the rules for 
finding’ the chord of an are of a circle and the diameter of the 
circle , (Lilaeati, p. 58) suggests that 'Bhüskara ‘here refers 
to’ some previous ‘teachers. The rule for the chord has 
been given by Aryabhata (Ganitapada, ‚ verse 17) and the other 
rule also follows easily from it. Both the rules occur in Brahma-sphuta- 
siddhanta (Section on the circle, verse marked а, viz., the second verse 
in the section) as well as in Junior Aryabhata’s Mahasiddhanta (chapter 
on Arithmetic, Rules 98 and 99), 


(vi) Bhaskara concludes the барше on shadow problems ‘with 8 
reference to the previous teachers. He says out of modesty that with 
the intention of increasing the intelligence of dull people like himself 
the learned have, classified the different applications of the universal 
method of the Rule of Three as prakirga, etc. Here Bhüskara evidently 
refers to Brahmagupta, Sridhara and others on whose works the 
Lilavati is based. As Sridhara’s complete work is not extant, the Lila- 
бай gives us some idea of the contents of its arithmetical portion. , 


(vit) The first reference to previous teachers ( wana: ) in 
Bhüskarüchürya's Vtjaganiia occurs ina passage (Vijagagita, page 8', 
which has been translated by Mr. Kaye as follows :— 

* Ав many as (ydvaé távat) and the colours ‘black (kdlaka), blue 
(nilala), yellow (pitaka and red (lohttaka)’ and others besides these 
have been selected by ancient teachers for names of values of 
unknown quantities.” (Indian Mathematics, p. 24.) ` 


Mr. Kaye states in a foot-note that these teachers are not Indians, 
Although Brahmagupta does not explicitly state that colours or letters 
of the alphabet were Ghosen by him to represent unknown quantities, 
repeated occurrence of the word aqu (varya, which means both colours 
and letters of the alphabet in his rules * for the colution of equations 
involving two or more unknown quantities proves conclusively that he 
also represented unknown quantities by colours or letters of the alphabet. 
So, here Bhüskara certainly refers to Brahmagupta besides’ Sridhara 

* Brahma-sphuta-siddhanta, Sections оп Eka-varya-samīkaraņa-vijam, Aneka- 
varga-zamikarana-vijams and Bhavita-vijam, 
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and Padmanübha as can be gathered from his own statement* asto the 
works on which his Vijagunita is based. 


It is difficult to see how the Hindu use of уйоаѓ tavat (as many ав) 
for an unknown quantity could be traced, as has been suggested t by 
Mr. Kaye to Diophantus’ definition of the unknown quantity, pldéthos- 
mondden aoriston. Even if an illiterate boy, who has never heard of 
Diophantus, is asked “ How many mangoes do you want to eat P”, will 
it be unlikely for him to give the reply “ Ав many as I сап?” If 
the answer be in the negative as it certainly will, why should an Indian 
mathematician have to go to Diophantus for a similar answer ? 
Again, Mr. Kaye makes] the absurd statement that the Hindu use 
of the names of colours for other unknown quantities was probably 
derived from the Chinese use of calculating pieces of two colours for 
positive and negative numbers, as if the use of colours were unknown 
in India. Mr. Kaye writes; 8 “the use of two such diverse 
“types us yavat iüvaí and hālaka (generally abbreviated to уй and 
ka) in one system suggests the possibility of a mixed origin.” Such 
use might betray lack of critical examination on the part of the 
Hindu mathematicians, But it does not prove their indebtedness 
to others. One who regularly reatls reviews of books in periodicals 
often finds that even books written by eminent scholars. of the 
present day show want of critical examination on the part of the 
authors. 58 We need not go far. Even Mr. Kaye who is very critical 
with respect to the mathematical and astronomical works of the 
Hindus is sometimes guilty of serious inconsistencies and self-contradic- 
= ions. The writer had to refer to some elsewhere.** He now points 

out one more only which is a case in point. Mr. Kaye mis-translates ff 
Aryabhata’s verse for the modern amthmetical notation as follows: 

** Units, tens, hunderds,............ , thousands of millions. In these 
each succeeding place is ten times the preceding ” 

Here Mr. Kaye first names some numerical units and then, all on a 
sudden, discovers places and place-values in those units. “The use 


* Vijagamía, p.189 Also вее Kaye, Indian Mathematics, p. 87. 
+ Indian Mathematics, p. 25. 
t Ibit. 


§ Ibid, pp 24 and 25 
§§ For a recent case the reader 18 referred to the review of Dr. О, G. Abbot’s 


The Earth and the Stars, which appears on page 819 of Nature (June 12, 1926) and 
specially to the last 15 lines of the right-hand >colama, 
** Journal of the Bihar and Orissa Research Society for March, 1926, pp. 78-91, 


++ J. 4, 8, B., March, 1908, p. 117. 
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of two such diverse types as yGvat távat and lálaka" in one system is 
not more inexplicable than the curious mixture of rumerical units and 
places in the above translation of a short verse. Mr. Kaye could not 
detect his own inconsistency in the above translation, which seems to 
have struck Fleet who has accordingly given* a consistent, though 
wrong interpretation of the verse. Are we, therefore, to suppose that 
the above translation is of a mixed origin and that the two parts were 
obtained by Mr. Kaye from two different translators P 

The above inconsistency ríoted by Mr. Kaye has not escaped 
Bhüskarüch&rya's notice. For, he writes f that, to avoid a mixture 
of two diverse types in one system, the letters beginninig with w (ha) 
—the initial consonant of the Devanagari alphabet— might be taken 
for the names of the unknown quantities (wyar ardaua samt 
dut SEU Wu). Here we have an important suggestion for the 
penultimate stage of what Nesselmann calls ‘Symbolic Algebra,’ as the 
letters ‘suggested by Bhüskara can have no visible connection with the 
words or things which they are inténded to represent. 

The following explanation for the Hindu use of ydvat tüvat and the 
names of colours for unknown quantities is offered for what itis worth. 

In equations involving one unknown quantity the Hindus appro- 
priately used qr (y&)—the initial letter of the expression уйга? tavat 
(as many as)—for the unknown quantity. Such an equation has 
accordingly been called eka-varga-samikaroza (an equation involving 
one letter’. In the case of aneka-varna-samikarana (equations involving 
more than one letter) the Hindus had to find other letters besides 
ап (уй). Hindu framers.of verse have always been fond of the figure of. 
speech known as aaa (yamaka) in which the same word is used in 
' different senses in the same sentence. Unlike the English pun, it is 
used in serious writing. Hindu mathematicians were also expert in 
the composition of verse,.as can be seen from their works, The word 
яф (targa) means both colours and letters of the alphabet. So the 
Hindu mathematicians probably passed{ from a letter to colours and 


ж J.R.A. 8, 1911, p. 116. 

f Vijagansta, р. 112, , 

£ Bimilarly phonetic resemblance led Aryabhati to pass from varga places to 
varga consonanta in devising his alphabetic system of expressing numbers. Similar 
ia the idea underlying Brahmegupta’s use of the word че (pada) menning a foot for 
the square root, The word Wa (pada) when applied to a tree means its root (qe). 
Ajso compare the uso of the word жащ (Sravana, Lilavati p. 44) meaning an ear for 
a diagonal ofa quadrilateral. The Sanskrit word for a diagonal is wd (karna) which 


algo means an ear. 
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agreed to use the initial letters of the words kalaka, nilaka, pitaka, &o., 
for the other unknown quantities. As gya), a (ka), vM (ni), Ф (pi) 
&c., are all carga whether in the sense of a letter or of a colour, the 
apparent inconsistency is not so serious as it appears to be at first 
sight. It isin the work of Aryabhata that we first find equations ' 
involving more than one unknown quantity. Brahmagupta uses the 
terms eka-varga-samikaraga and aneka-varga--samilaraga. Therefore, 
either Aryabhata or Brahmagupta used an (уй), ar (ka), &c., for the 
unknown quantities. The later Hindu matkematicians only followed 
them by adopting this convention, as is also seen from a statement * 
of Bhüskarüchürya. 


(viii) The next reference to previous teachers occurs in connection 
with the rules for finding the square and square root ot irrational 
expressions (Vijagamita, p. 25). Here  Bhüskara rays that, as the 
intelligent can easily deduce these rules themselves, they have not 
been clearly explained by his predecessors (Ч&:'. Aryabhata has 
given a rule for the extraction of the square root of a rational number. 
It depends on the formula (a+b,2=a'+2ab+6*. This formula has 
also to be used in finding the square of an irrational expression. 
Brahmagupta has given an imperfect treatment of irrationals in the 
section devoted to the addition of positive and negative quantities. 

(i<) Bhüskarüchürya says (Vijagamita, pp. 73 and 92) that 
teachers (wrwizt:) call an equation like 


ад" +b*y" Fez? +de+eyt+fs=g 
aaraa (madhyamaharazam) and an equation like 
aeg bed cy d 


wifaay (Bhüvitam). 

Certainly these teachers cannot be  non-Indians. Brahmagupta 
uses the word wlfaaqin the same sense and has devoted a section to 
it. He also uses f the term wage (madhyaharana) which means 
the same thing as шелїї ш (madhyamüharaga'. the latter term 
differing from the former in having one more suffix (viz, «w and one 
more prefix viz., WI). 

(«) Next Bhüskarücharya again acknowledges hia indebtedness 
to previous teachers (gatara :) for his notations for the unknown quan. 
tities (Vija-gagita, p. 111). Vide (wiz) above. 


* Vijagansta, p. 111. Also see (z) below. 
+ ^ Brahma-ephuta-Siddhanta, Ohapter on Kuttake, verso 2, 
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(zi) Then Bhaskaricharya writes * that the knowledge (afa:) 
which the previous teachers (smg:) have extended with the help of 
various letters: (fafauaweagifayt) has now been given the name of 
Vijagagita (algebra). ‘Certainly Brahmagupta, Sridhara, and Padma- 
nübha are among those teachers- It was the Hindus who first used 
`` more than one letter to represent unknown quantities. Diophantus 
used в single letter + for his unknown quantities. Even in the 
thirteenth century A.D. the Chinese mathematicians did not use letters 
for unknown quantities but arranged their equations with red and 
black calculating pieces denoting the positive and negative co-efficients ; 
the unknown quantity had no symbol, the terms involving different 
powers of the unknown quantity being designated by the relative 
positions of their co-efficients. [ So here the reference cannot be to 
non-Hindu teachers. 


(г) Bhüskare quotes Š an example given by some unknown 
person. From the language it appears that the author of the example 
must have been a Hindu mathematician who lived after Brahmagupta. 

(riit) Bhaskare next explains || а rule given by previous teachers 
(Ч#:) for finding the integral solutions of equations of the form 
y?=ar+b. This very rule has not been given by Brahmagupta. But 
there is evidence {| to show that he has considered the case. The 
rule in question might have been given by Sridhara and Padmanübha. 
For, “Bhiskara at the end of his Vijagazita refers to the treatises on 
‘algebra of Brabmagupta, Sridhara and Padmanübha ав ‘ too diffusive’ 
and states that he. has compressed the subetance of them in ‘a well 
reasoned compendium, for the gratification of learners '." ** The Greeks 
did not attempt to find integral roots of indeterminate equations tf^ 
except in a limited number of cases. Before the time of Brahmagupta 
the Chinese were acquainted with a method of solving indeterminate 
equations of the first degree only. Nearly & century after the compo- 
sition of Brahmagupta’s Brahma-sphuta-siddhdnta (A.D. 628) the 
Chinese astronomer I-hsing contrived an arithmetical method called 
the Pas-yen shu which, in the Opinion of Mikami, “ was a consideration 


—? 


Vija-gaytta, pp. 140 & 141, 

Heath, History of Greek Mathematics, Vol. I1, p. 461. 

Mikami, The Development of Mathematics in China and Japan, p. 82. 
Vijagantia, p. 154. ; 

П Ibid, p. 168. 

ç Brahma-sphuta-Siddhanta, page 884, first example. 

ие Indian Mathematics, p. 37. 

++ Heath, History of Greek Mathematics, Vol. IT, p. 468. 
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in the indeterminate analysis." * Butit is not known whether the 
Chinese dealt with indeterminate equations of the second degree before 
the time o Bhaskara. 


(atv) The last reference to previous teachers (gate :) occurs T 
in connection with the explanation of the rule for the solution in 
integers of indeterminate equations of the form zy=ar+by+o. This 
case as well as the more general case mag-—az--by--c bas been consi- 
dered by Brahmagupta in the section on Bhavita (afaawtem). | 


The object of this paper is not to disprove the foreign origin (if any) 
of Indian mathematics. The fact that Bhaskarichirya referred to 
Indian mathematicians only cannot, by itself, establish indigenous 
origin. This paper, therefore, represents an attempt to correct some 
mis-statements which are being repeated from time to time and to give 
the redder some idea of the method which has been adopted by a 
critic of responsible position to make his preconceived anti-Indian 
views acceptable to his non-Indian readers. І 


) 


* Mikami, The Development of Mathematics in China and Japan, р. 60. 


1 Vija.ganita, р. 176г Е 
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ON THE DIFFERENTIABILITY OF A CERTAIN TYPE OF 
[INTEGRAL FUNOTION 


' BY 
^ GANESH PRASAD 
(University of Caleutta) * 


The object of the present paper is to consider the question of the 
differentiability of the integral function at a point where the integrand 


has a discontinuity of the second kind, the integrand being of the form 
sin 
сов 
tuations between + oo and — оо ав z tends to the poiut of discontinuity. 
It is believed that this question has not been considered in any previous 


publication. 


V (в), where (z) is not monotone but makes infinite number of fluc- 


For the sake of simplicity- and fixity of ideas, I represent the 
integral function as Ë 2: 


F(@) {roa | с 


0 


and take 0 to be the point of discontinuity at which the differentiability 
of F(z) is to be considered. ' Also I restrict myself to the detailed con- 
sideration of only two types of integrands, viz. 


Bin 





and sin? f log(sin* оғ) | af 
Bin — 
Ё 
In Ње first case F'(0) exists and ів zero; in the second case F'(0) is 
proved to be non-existent, It is presumed that for the general case, 
in which ` 


Ж) =H, 
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$ being 8 periodic function with zero as one of its values, F'(0) exists 
or not according as К 

1 
y(t) >log ds 


or nof. 





1 
Саве : f ü) =sin—— 
sin a 


1. Suppose first that а > O and consider only ‘those values of £ 


which are positive. Then the zeros of z 





are given by 


1 
Кт віп a 


t= 


R and S being any positive integers. 


If 
MN ME 


1 
R. S” SR, -Iy ’ 


= „бге R, is a positive integer, then 
1 


š г ES 
ros | лош Кра + A | КО? 
0 =, 7 

Ry (R+I)= 
2. Consider 
1 
Re 
fiou 
1 


DIFFERENTIABILITY OF AN INTEGRAL FUNOTION 
It equals 


I 1 
m 1 
E x+ sin Ет + ain”? (8*1) 
(rox + > (лда 
: 8-1 . 
E: 
(R+1)* — sini 1 
т 


Re + sin? 4. 


1 
- (B4Dx — si: 


+ = Vos 
Bel. 


(В+1)= — sint 1 
` (8+1)= 


Now, making suitable transformations, the ‘general terms of the first 
and second series are found to be equal to 














т 
єн sin = du 
ee ea 
J (Sru) (Sr--u)* —1 (assi sow) 
and = = 
ro . 
c» gin u du 
Š (Siu) V(Sr+u)?—1 ( Вт віці s= y 
respectively, 
3. Thus 
d 
Кт Бя + віп 1 
ос т 
zod0»ios- s ( 
R-B, nor, 1504 
1 1 
(R+1)= 


(R+1)= — sini 1 
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т т 
R, 
+(—1) | sin u du P(w)+(—1) | sin u du Q(u) 
0 0 
where 
oo oo 8 
Р= (—1)” = CD _ š 
p=0 8-1 VTT PERETE WEEN | f ind | " 
(Sr=+u)//(Sr+u)'—1 (R,+p)=+sin Bs 
8 
q= > -D^z ( 
p=0 в (Satu) /(Srru)"—1 f (By +рут— ain? | 
Sr+u 
we 
4, Now denote each member of P by (E E +9 T 


pB? then it 


clear that the double series for P is absolutely, and, consequentl 
unconditionally convergent. Therefore the value of P is unaffected 1 
taking the terms in the ordér 


Т +Т,,. Tos +T, 0..9 

+T, I — T, ‚з +Т,„—Т, ”. + III 

—T, nc Ta Ti, +T ..... 
миь æ à 


etc. 
But the terms in each column decrease numerically. Therefore 


[Р] «T, Tus Tos +...... 
EE Ар DUO E | 
SR, gg (StreGS-lee) 
. 1 
1.6. Bi riu ' 
Similarly it can be proved that 


Y 
I< pO 
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Therefore 


т pes 
(1) E u du (P +Q) is numerically less than ES 
1 
0 
where C, is a finite quantity. 


5. Consider 








(Е+1)т—вш-11_ 
т 











1% equals tes 
1 1 
Bx Re+ sint T 
1 1 
8ш j d + sin at 
gin — віш 
1 
аилантат т 
(8+1) ainni d Ет +— 


=(—1)8+! I Sy 


1 





Vp standing for 2 sine : 
ul —] (® т "sini 1. y 
Thus == a 
1 — 
"AE К 
Ex Sin"! — T 
9e B,+1 
= houz (ve 
B=B, 
1 


1 





(B+1)" —вш-: 1. 
T 


w=2 = (—1) sin # xut 
8=0 uvu] f (R.-s)x-Fsin": ui 


vhich is numerically less than 
2sinu . 1 
aye] Б, я? 
Therefore the infinite series in (1) is numerically less than 
En 
R, Rad d 
vhere O, is a finite constant. 
Similarly it oan be proved that = ` Е 


frox Ж 


1 
Ry 


з numerically less than. 
m T. 
(R,—1)*"' 
', being a finite constant. 


6. From the results given above about eaoh member of the right 
and expression of equation (A), it follows that 


Z C 
| P= apne? 
` ліе constant. 
- 1 É 
oS i 
° 
f F(z)—F(0). F(x) 
2 & 2. m 
numerically less than 
[0]. Ry 
(R, —1)*т ` 
Therefore 
Lim EC? 0, 


эш+о @ 
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Similarly the case when e is negative can be considered and F’(—0) 
can be proved to be existent and zero. 


Therefore itis proved that F’(0) exists and is zero. 


мыл 


Case: /G)=sin' f 1og( sin? log À ) | . 


7. Suppose first that œ is positive and therefore consider only 
positive values of f, The zeros of the integrand are given by 


-4 (ваъ) 


_t=e ^ 
B and S being any positive integers, including zero. 
Further, let 
| 
2 $R, < @ < a HBi-D А 
where R, is a positive integer. 
Then u 
ds e Hx a : 
F(z)— az {rox + ПОТА 
BS в 4." 
8. Consider 
І вт 
в —1R= z $-1[(R*Dw—sinc!e7 T 
А) = 2, |O% 
g-A(R* Dv в—1|(В+1)к— sint в (8+D +J] 


„Ве sint 7 (85D | 
+ >, fadt 
Е a~t {Rr +віц-16 E F 


Denoting the first and second parts of the right hand expression 


nthe above equation by I, and J, respectively, we have, 


by 


naking suitable transformations, the general term in the series 1, as 





ege) 


т 
1 E sin? udu sg 31D» +(Sr+tu) + sin(a- 3 


4 1—a (Satu) ^ 


und the general term in the series J, is similarly found to be 





where O is a finite constant equal to 


т 
| sin" y. P(n) dis, 

0 . 
P(u) standing for 


Й 


ts 





To Bx 
| віп? udu acd {Вт * (8+4) + sin^! (o7 I 


~}{ (14+ 8)e+u—sin ~t, ( 2 )} i —yl(8z+u) + sini (a= 
8 +в 





> `— v O] 

3=0 A/ ]—e-7 (8*9) 
9. Let amet Rir 

then 





ке 
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Therefore, if z tends to zero (with increasing RB, ), the limit of 
F(#)—F(0) _F(«) 
2 та 
О 


18 === S.S 
4(1—е7#" ) 


10. Next, let 
ae 
ае Pet bnt ( e 2 ) 


T'hen it is easily seen that 
: 1 
фон rx, 
e` iBT 


where О, is equal to 


` 


8)т 
: e° a tL Q+8)a4+0 gin- (7938 i] 
in! ае хе. 
E Bln t es р MAL. ght Bru] 
0 
Therefore 
F(e)= I € " -0, } E 


Hence 


F(2)—F(0). F(2) _ í G „О ter sin- ө” 


t z I T 4 
adi- e 2 ) 


Therefore, if æ tends to zero (with increasing R, ) the limit of 


F(#)—F(0) 


5 


is certainly different from that in the case considered in the preceding 
paragraph. 

Therefore E'(+O) does not exist. 

Similarly it can be proved that F'(—0) does not exist. 


us it is proved that 


s : 
IE { log ( sin? log a) ja | 


0 
differential co-efficient at z=0. i 
Oonclusion 


The results given in the preceding paragraphs easily admit of 
lization in a number of ways. 


If there are a finite number of steps, say n, in the expression 


fam sinl =s m. 23. 


(0) exists and is 0, whatever n may be. 
Similarly, for the case 5 


f(t)=sin® log віп? log sin? log .....sin? log => 
8 non-existent. 


The procedure adopted in the preceding paragraphs will be 
dle to the general case in which 


KOZH.. І 


any periodic function with zero as one of its values and w(t) 
onotone with the condition that 


y(t) > 1. 05 
presumed that F'(0) is existent or not according as 


1 
w(t) > log =; 


, Oal. Math. Soc., Vol. XVIL, No. 2. 
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ON SOUND WAVES DUE TO PRESCRIBED VIBRATIONS OF 
A CYLINDRICAL SURFACE IN THE PRESENCE OF A 
BIGID AND. FIXED CYLINDRICAL OBSTACLE 


BY 
N, M. Basu anp H. SIRCAR 


(Dacea University) 


The problem of the scattering of sound waves by an obstacle when 
the source producing the waves and the nature of the obstacle are 
given, has been solved for only a limited number of cases althongh the 
problem attracted the attention of mathematicians as early as 1862 
Among the -distinguished mathematicians who- have considered this 
problem may be mentioned the names of Clebsch*, Rayleight and 
Stokest. Recently S. K. Banerjee§ has given a solution of the problem 
for the oase in which the source is a spherical surface of which the 
vibrations are prescribed and the obstacle is a rigid and fixed spherical 
surface. The analogous problem in which the source and the obstaole 
are both infinitely long circular cylinders does not appear to have been 
investigated by any previous author. In the present paper it is pro- 
posed to give а solution of this problem. ~ 

2, Let a be the radius of the vibrating cylinder, b that of the fixed 


one and let d denote the distance between their axes which are sup- 
posed to be parallel —-- > - --.— 


» Olebach : “ Über die Reflexion an einer kugelfiiche,”” Jour. f. Math., Bd. 61 
p. 68 (1868). 


t Rayleigh : '' Investigation of the disturbances produced by a spherical obstacle 
on the waves of Sound,” Proc. Lond. Math. Soo., Vol. 4 (1872). 


1 Stokes : Mathematical and Physioal Papers, Vol. 4, p. 814. 


$ В. K. Banerjee : “On Sound Waves otc. etc.” Bull. Cal. Math, Soo, Vol. 4, 
(1912-18). 


The cylinders being supposed to be infinitely long and the pres-. 
cribed vibrations being taken to be transverse to the axis, the problem 
under consideration will be a two-dimensional one. 


The normal component of the prescribed vibration at any point on 
the cylinder can obviously be expanded in a Fourier Series, so that, if 
= be the period, we can assume for the normal vəlooity an expression 


of the form A 
2 ict 
= (a, cos nÜ + v, sin n0) e 
a=0 


Let C and O' be the centres of the two circles in any normal section and 
let (7,4) and (’,#) denote the cylindrical polar co-ordinates of any point 
referred to C and O' respectively as origins and CC’ and C'C respec- 
tively as initial lines. 


Tf ф denote the velocity potential of the sound waves and c the 
velocity of propagation appropriate to the surrounding medium which 
is taken to be frictionless, ф will satisfy the following equations : 


7 





š 
1 


$-1 8° e @) 


at all points of the surrounding medium, V ,* standing for either of the 
operators 








8* 1 ð 1 8°’ 
@= T+ 8r BF 


1 8 1 ё! ` 
Ө t7 ar +з 90+: 





8% . _ Š (n, cos 90 + v, sin 90) eit. when r=3; ... (2) 
Or 2 


89 _ = 
and S. =0, when r = b. Le (8) 
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3. Thefollowing transformation theorems* will be required fo 
establishing the results obtained below : 


Theorem I. If J, denotes a Beasel Function of the first kind and o 
р order n, then whether + is greater or less than d, 


X 


J. (r) S SQ Tas @ J. 02 95 ag. 


sin 


1 


Theorem II. I£ C, denotes any cylinder function, then tf "<a, 
О, (в) 8 nO = Z  O..(d) J. (у. 008 6! 


Theorem III. If О, denotes any cylinder function of integral order 
n other than a function of the first kind, then tf t > d, А 


(—)'О,'т) cos nó 5 J.(g/O;,.(r) cos (пт) 


. 


and (—)*O,(r) sin n6— = Ја), (н) sin (n+)@, 


The above theorems are true if for >, r’ and d we write kr, ka? and 
kd, where k is any constant factor. They also hold good if (ғ, 0) and 
(2', 0) are interchanged and the restrictions imposed on »' are replaced 


by similar restrictions on r. 


4. Assuming the motion of the gas to be regularly periodio, we 
can now write 


ф= вс, where kc=c, 
V being & function of + and 0 only. i 


* For Theorems I and II see Watson’s Treatise on Bessel Functions (1999), 
р. 861, where the results have been obtained from Graf’s generalised addition 
formula. Theorem III can be easily established from Graf’s formula, 


4 





Then the equation (1) reduces to 
(у k*)y-—0. .. (A) 


Supposing V to be developed in a Fourier Series, it appears from the 
equations (2) and (4) that y will be of the form 


S (A, cos nÜ--B, sin пб), 


aco 
where y, is the general solution of the equation 


d'y., , 1 Ov. a n° — 
or: TS ər «(s r? )%.=0, (0) 








which is Bessel’s equation of order л. 


Also the equations (2) and (3) require that 


oho 5 (u, сов 904-7, вір n0) when туша, we (6) 
aco 
and oy =0, when =b. .. (7) 


5. Consider at first the case in which the cylinders are external to 
each other. It ів obvious that the solution must represent a system 
of diverging waves. Hence the appropriate solution * of the equation 
(5) is, for this case, 


2 
жың“ : (kr). 


* Bee Lamb's Hydrodynamios (Bth edition) p. 274 and also p. 502. The 


function g is the second of the two functions called Hankel’s Functions of the 
Third Kind by Watson. (See Watson’s Treatise on Bessel Functions, p. 78). It 


2 
can be easily verified that B^ aiD., where D, is the function used by Lamb 


for representing diverging waves. Rayleigh also hes used a notation similar to 
Lamb's, Bee Soientifio Papers, Vol. 4, p. 290; also Vol. 5, pp. 410-418, 
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For the sake of convenience we shall, in what follows, write Н, 


g 
for Ñ , 


Thus the function 
Y= Š (A, cos nO+B, sin n£)H, (v) 
a=0 


would be the proper value for ү if it satisfies the equations (6) 
and (7). 
The equation (6) would be satisfied if we took 


=- u, 


Agen EH (ka) 


and B= — HU)" 
We take these values for A, and B,. But j=, does not satisfy 
the equation (7). 
To satisfy this equation, assume 
=V +V 
sies V, is such that in addition to satisfying the equation (4) it 


mukes 


8v, Oe, "= 
+62 =0, when r=), (8) 


Or 


Since y, would in reality represent the waves scattered from the 
cylinder =b after the incidence of the system represented ру, 
y, must also represent a system of diverging waves and we may 
assume 


ЇЇ 


1 
> d cos n+ BO sin m@)H, (Re^) 


m=— СО 


V, 


N. M, BASU AND H, SIRCAR 


neighbourhood of the cylinder of radius b, + < d, 
em I, in this neighbourhood 


> J. Ge!) | cos тё 5 A.B...Gka) 


+ sin m@0' = В,Н,„(®@) |, 


ondition (8%, and therefore the condition (7), will be 


__ т.) g 
= 2, Aala) 


m JL) e. u, Hy ym! kd) 
= KH) X. 7 Ha) C 





Leod. Š 
—— uer m, Bee Gd) 


==; J'.(kb) = vH. uud) 
~ XH.) 5 H Ga) ` 


'\ would no longer satisfy the condition (0) We then 
on у, such that 16 representa a system of diverging 


ор in fact the system scattered by the cylinder r—a ` 


е of the system y,, and also satisfying the equation 


9y, _ = у 

"ol us when =a. aes z (9) 
neighbourhood of the cylinder r=a, 

. ES ib 

7,0) [Говро ® А Hay (kd) 


„5 +O 
+ ліл рө 5 В“ B... (Ra) | 
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Therefore assuming 


y, = „Z Hlk) |a" cos pô + B® sin рб ] 7 


. 


we have in order that the equation (9) may be satisfied 


AL Jra) 


S AH. (ka) 
» а) mem Tisa 


and 


0) 4 (Аа) eo (2) 
B, —— Ha): S. Pa B.+ (18) 


Proceeding in this way we find 
y=, +, Ty. T APR REGO vop so? тоту 
where y, represents the original waves diverging from the cylinder 


r=a and y,, Y, etc. represent the waves due to successive reflections 
from the two cylinders. 


Thus finally we have 


Фа (рор tir... JETË 


as the velocity potential of the entire system of waves generated. 
6. Oonsider now the casein which the vibrating cylinder r—a is 


within the cylinder =b. In this case if the waves originally diverging 
from the cylinder r=a be represented by the velocity potential function 


yae? we have, as before, 


p= 5 (A,cos nÜ--B,sin nO)H, (kr), 
arco 
where k=— A,= 


жы ea 
ЕЙ” (kay 


; Soot MA 
and B,= FET (ka) i 


lf y, represent the function corresponding to the waves reflected for 
the first time from the cylinder +'=b then having regard to the fact 
that the space to which this function relates is that internal to the 
cylinder =b, we may assume - ` 


dm ET AQ, ia n By ein рё |7, (b), 
„2. 


The coefficients are to be determined from the condition that, when 
$/ =b, we must have $ 


оо 





Өй у: xc m. Оу 2 





Since >d in the neighbourhood of +=, we hae by Theorem III 
of Art. 8, in this neighbourhood 


p= Š 2 (CC). 04) {Acos (om) —B,sin(n-m)] 


mim СО 
x H,,,. (kr!) 


со 


= Š (—)”Н„() [cos po" 2 A...) 
pa- "=0 


— sinp? Š 8,3,.,08) ]. 
r=0 
Hence from (10) we have 


Ф.у. Ws) Sap 
Ay =O уйу. EARS) 


Deje HD) Z pJ: 
and B; =( )*, 7.0%) ` = Baden (kd) 
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Now the waves represented by the function y, will, after incidence on 
the cylinder r=a, be reflected, and if y, denote the function correspond- 
ing to these reflected waves, we may assume 


^ 
o 


p= 5 | AD оз +B sin 26 | Ba (de) 


sz=— © 


The function y, must satisfy the equation 








oh + ous =0, when r=a ... i (11 


Now the value of V, in the neighbourhood of the cylinder r=a, where 
v may be either greater or less than d, may be easily expressed in terms 
of r, Ó by means of Theorem І of Art.3. Thus in the neighbourhood 
of r—a, 


- 


° e (1) 
di Ё з coss0 Б ADU, (Rd) 


eg dii s) 
+ sin 2 BY 354.08) | 


Substituting this value of y, in the equation (11), the coefñoients= 


(2) (2) 


À,. , B, can be easily obtained. 


Obtaining in this way the functions Ņ,, у,, eic, due to the suc- 
cessively reflected waves, we have, for the velocity potential function of 
of the entire system of waves generated, 


d (Vo Hyr ra eene Ot 


7. If the cylinder r=a be internal to the cylinder r=b and at Ње 
same time co-axial with it, then the boundary conditions become 


Oy 
Qr 


2 S(n, cos nÜ--v, sin n0), when r=a 
9 
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A NOTE ON HuzwITZ's PAPER ON THE EXPANSION 
COEFFICIENTS OF A PARTICULAR LEMNISCATE FUNCTION 
BY 
S. C. Mirra 
(University of Daoca) 


The late Professor A. Hurwitz* has given the expansion of @ (u) in 
powers ofu in the form 


L1, 2H, u’ | 25E, ме Q«*E, ttn 
в) TI tuo teet Gay f 


where @ (ч) satisfies the differential equation 
8 —49* —46. 
The numbers Ei, E, ... etc, are analogous to Bernoulli's numbers. 
From @“=6%%—2, we have E, —4 
and for n>1 
B= pay ST 


The denominator of E, contains only single prime factors, and 
indeed besides the prime 2 all and only those primes p of the form 
4k+1 for which p—1 is а divisor of 4n. 

Further 


B,=G,45+582 "7 ES 
Р 


where the summation extends over the above mentioned primes, whilst 
G, denotes an odd integral number. 

In the present paper, I have verified that the formula (1) holds 
good asfaras E,,, thus being in agreement with the resultst I 
obtained for the expansion of G(w) in powers of u. 


^ Göttingen Nachrichten, (1897), pp. 978-975. 
+ Bull, Cal, Math, Boc, Vol. ХҮП, No. 4, 


г 2 Gk—1)(n—4k—1) 0, 8,8,4... 


98 8, O, MITRA 





295721 _ 1 39 
E, qp = 392094 2—52. 





_ 814711219 


1 , 64, 36 
к= 180 


ГЫТ: 


=13965939+ ыч 


1..128 10 


=8616924018+-— $ 0g ' 


E, 9*.7*.115:19.23 


90 


p, = 322.74.11.19,28,2453 
EAD 19.28.2459 


= 1, 256, 4 
170 =9838937781275 + 2+ s ty 


17 


E = 315.7*.115.19.23,31.427 
т 4810 


z 1 512 , 916 12 
—18382040180023477.. — — + т^ S 





g. —21.7*.11*.193.23.31 2381 
E 410 


=58311001020080183038 + 54124420. 


p, —31*-7*.11*.19.23.31.6859 
1177 10 


= 229658082900486063068989 ++. 


Му best thanks are due to Dr. G. Prasad, D.8c., wlio kindly 
suggested the investigation to me. { 
Bull, Cal. Math. Soc. Vol. XVIII, No. 2. 
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TRIADIO EQUATIONS IN HYPEHBOLIC GEOMETRY 


BY 


8. MuxnorapHyara AND R. С. Boss 


(Oaloutta Ungyereity ) 
1. Iwrnopvorton. 


. The present paper is an application and Четеїоршөн of the 
principles explained and developed in the paper '* General Theorem of 
Symmetries” published in the Bulletin of the Calcutta Mathematical 
Society, Vol, XXVI, No. 1, 1926 and should be read for а proper 
_ understanding along with that paper.* A short resume however is 
given of the principles explained and the notations used i in that paper 
во that in a manner it can ђе followed . independently of that paper. 
The ‘triadic coordinates ’ introduced and so named in this paper differ 
from ‘ Wieretrassian coordinates d mainly in the faot that any of the 
— elements whose coordinates are united in any equation may be indiffer- 
ently a point or a line. Thus points and lines stand in a relation of 
unity and not of duality. 


2. DEFINITIONS, 

We will denote the point, the line and the horocycle as basic elemants. 

All horocycles - having the seme system of axes will be considered 
equivalent as representing the same basic element, which is а concep- 
{ual point at infinity to which all the axes converge. 

A point or в line’ asa basio element can have associated with it two 
directed elements of opposite senses. The horocyole as g basic element * 
atands quite tsolated in this respect. 


* "Tbe pse, of oriented points and lines which was first made in the paper above 
referred to and bas been maintained in this, forms a special feature of this paper, 
(T. Takasu' of the Tohoku Imperial University in ап elegant paper '' Natural 
Non-Euclidean Geometry, Doubly Oriented Points, Lines and Planes as Elemente "' 
ipublished in the Tohoku -Mathemstical Journal of April, 1926, has developed the 
theory of orientation of points, lines and planes in Non-Euclidean 8-врасе, 
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Toa basio line element can be associated two directed line elements 
having the same position but opposite senses, t.e., directions of imaginary 
translation along them. 

To a basic point element can be associated two directed point elements 
having the same position but opposite senses, t.6., directions of ima- 
ginary rotation about them. 

The two directed elements associated with a basic point or a basic 
line wil be called its orrenís. Of these if one be called the positive 
orient the other will be called the negative orient. 

lf abe abasic element, a point or a line, its two orients will be 
denoted by a, and o. and either of them by a,. 

Two basic lines will be called intimate if they are at right angles. 
A basic point and а basio line will be called intimate if the latter passes 
through the former. A basio line is intymate with a horocyole if the 
former is an axis of the latter. А horocycle will be called tntymate with 
itself or any équivalent horocyole. It may be observed that two basic 
points cannot be intimate, neither can а basic pent and a horocycle Be 
intimate under any circumstances. 

The join* of two basic elements is a third basic element intimate 
with both. It will be observed that a uniqne join exists in every case. 
Ifaand В be any two basic elements then (a B) will represent their 
join, Similarly the join of y with (a B) will be represented by ((e8)y] 
and the join of (a8) with (y8) by. { (08) 'уд)} and so on. 

Any three elements will be called co-intmate if there is a common 
element intimate with each. 

The sense of n directed line relative to & s point not lying on ns may 
be clockwise or counterclockwise. Similarly the sense of a directed 
point about the point itself may be clockwise or counterclockwise. . 

If the senses of two directed points are both clockwise or both 
counterclockwise they are said to be similarly oriented, but if one of 
the senses be clockwise and the other counterclockwise they are Said 
to be oppositely oriented. 

If the senses of a directed line and a directed point be such that the 
sense of the former relative to the base of the latter and the sense of the 
latter itself are both - clockwise or both counter-clockwise they are said 
to be similarly oriented but if these senses be opposite they are said to 
be oppositely oriented, 

І two directed lines be parallel and the senses of both are in the 
direction of parallelism or opposite to it, they are said to be similarly 


* For a summary of the various cases that arise see the paper referred to in 
the introduction, 
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oriented, but 1f one of the senses be in the direction of parallelism and the 
other against it they are said to be oppositely oriented. 

Two directed lines with a common perpendicular are called similarly 
oriented. if they have the same sense relative to ө point on this common 
perpendicular produced, while they are said to be oppositely orvented if 
their senses relative to such s point are opposite. 

A directed element is said to be intimate with a-basic element when 
the base of the former is intimate with the latter. 


` Two directed elements are said to be intimate when their bases are 
intimate. 


3. кн 


The divergence between the two directed points at a distance d apart 
‘is measured by —cosh d or +cosh d according as the points are similarly 
or oppositely oriented. ` : 

The divergence between в directed point and a directed line at a dis- 
tance d from itis measured by —sinh d or +sinh d according as the 
point and" the line are similarly or oppositely oriented: 

The divergence between two directed lines meeting at a point and 
making an angle 8 with one another is measured by oos 8, 

The divergence between two directed lines parallel to one another 
is measured by +1 ог —1 according as they are similarly or opppositely 
oriented. 

. The divergence between two directed lines. with a common perpendi- 
cular of length @ is measured by +cosh d or —cosh d according as the 
lines are similarly or oppositely directed. ` 

If we denote divergence by div, then evidently we have 

“div (а, В.) div (a_, B_)=—div (a4, B.)=—div (a, B4) 

It should be noted that the necessary and sufficient condition that two 
directed elements a, and В, are intimate ts div (a, B,)=0. 

4. CO-ORDINATES OF BLEMENTS REFERRED TO А SELF-INTIMATE TRIAD. 


A triad of directed elements such that each is intimate with the 
other two, will be called a self-intimate triad. 


Let £, and s, be two directed lines intimate with one another. Let 
(, be a directed point intimate with both é, and y,. "Then £,, 9, £5 
form e self-intimate triad. If a, be any other directed element then 


div (ao £o), div (a, 79), div (a, ĉo) 
will be called the értadsc coordinates of ag. 
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5. THE IDENTIOAL RELATION SATISFIED BY THE COORDINATES OF A 
DIREOTED ELEMENT. 


Case I. Let P, be а directed point with coordinates 2,, y,, z,. Let 
т bethe length of the radius vector drawn from ё, to P, and 6 the 
angle which this radius vector makes with £,. Also let u and v be the 
lengths of Ње perpendiculars drawn from P, to ё, and y, respectively 
[See fig (1)]. Then 


9, zdiv (P, £,) == —sinbh u = —simh r sin 0 .. (2) 

y,=div (P, 70) -sinh v=sinh 7 cos 0 . (2) 

s, div (P, ё,) e —cosh т X (8) 
Hence 2% +y)—s%=—l, 


Case II. Again letl, be a directed line with coordinates 24, Ys, Za. 
Let р be the length of the perpendicular from £, on 1, and @-the angle 
this perpendicular makes with é. Let. and у be the angles which 
ly makes with £, and m, respectively [See fig. (21]. 


Now e | =div (L, €&,)=cos ф==вїп 0 cosh p 255 (4) 
ya=div (lo no)== eos ss 6 cosh p e (Š) 
#,=div (1, (,)  —sinh p | - (8) 
Hence of ys, —4l. 


If z, y, z be the co-ordinates of a directed element 
a у= F1 va (7) 


the upper or the lower sign being taken according asthe element is a point 
or a line. 


6. ‘FUNDAMENTAL THEOREM. 


If os, Уз, % be the co-ordinates ofa directed element a, and »,, y,, 
s, the co-ordinates of a directed element f,, then 


div (ao Во) ==,=, HY Ya —2,, .. (8) 
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Case I. Letá, B, be similarly directed points, Letr,, т, bé the 
lengths of the radius vectors from с tod, and let 0,, 6, be the angles 
which these radius vectors makes with £,. Also let d be the distance 
bétween a, and B,. Then [See fig. (3)] 


z, =—sinh r, sin 0,, $,-7—8inh т, sin 0, from (1) 
y, =sinh r, cos 6,, _y,=sinh r, cos 6, from (2) 
8,=—cosh r,, ` gy=—coash r, from (8) 


Therefore ®,%,+4,9,—2,4;=s8inh r, sinh т, cos (0, — 0,) 


—cosh r, coshr, 
= —cosh d 


= div (a, o) 


The same result would be seen to hold when a,, B, are oppositely 
dirécted. 


Oase II. Letas, В. be directed lines. Let p,,p, be the lengths 
of the perpendiculars drawn from {, to a, and fj, respectively and let 
6,, 0, be the angles which these perpendiculara make with $.. Also 
let 8 be the angle between a, and б, Then (See Fig. (4)] 


t,= — sin 6, cosh p,, == — sin 0, cosh p, from (5) 
Yy, = сов 6, cosh p,, Y, = cos 0, cosh p, from (6) 
- #,= —sinh p,, r = —sinh p, from (7) 


Therefore аш, 9,7, —2,2, ==совЬ р, cosh p, cos (0, —0,) 
—sinh p, sinh p, 
= сов ё 


The same result would be seen to hold when a, f, are parallel or 
non-intersecting. 


Case III. ‘Leta, bea directed point and B, a directed line. This 
case can be treated on lines similar to those adopted before. 


7. EQUATION OF A ВАВІС ELEMENT. 


We shall show that thé co-ordinates of all directed elements inti- 
mate with a given basic element (point, line or horocycle) satisfy a 
lin&er equation. This equation will be called the triadic equation of the 
š given element, 
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` Case Т, Let the given basic element a be a point or a line. 


Léta, be an orient of a. Let а, b, c be the co-ordinates of a. Let 
yo be any directed element intimate with а, and let г, y, s the co-ordi- 
nates of y,. Hence by definition y, and a, are intimate. Thus div 
(ашу) vanishes.. We then get from (8) i 


av+by—oz=0 .. (9) 


The linear equation (9) is satisfied by the co-ordinates of all directed 
elements intimate with a. 

Corollary (1) : If ae+by—cz=0 be the equation of a, a basic point or 
u basic line, and р, q, т are the co-ordinates of ao, an crient of a, then 


p — t = 1". ` ... (10) 
a с 


Corollary (2) : If m be the equation of a point, we have 
a? -+b* <o" we (11) 
but tf the same ts the equation of a line 
а» +53 »c* . (12) 
This result follows from (7) and (10). 


Case II. Let the given element а be a horooycle. 

Let Pi, qis ra and py, gs, Ta be the co-ordinates of two fixed simi- 
larly directed parallel lines 8, and yo intimate with the horooyole. 
Let x, у, z be the co-ordinates of an arbitrary direcsed line 8, intimate 
with а. Then 8, is parallel to both 8, and y,, and is either similarly 
directed to both В, andy, or is oppositely directed to both. In the 
former case div (8,8,) = div (ду) = +1, while in the latter саве 
div (8,8,)= div (8,y.)=—1. Hence from (8) 


Prt GY =P tHg yta 
or (pip, e+ (q, —q | )y — (7. —r | )z==0 ws (18) 


The linear equation (13) is then satisfied by all directed elements 


intimate with a. 
Corollary. If ax+-by—cz=0 be the equation of a Һотосусіїс element we 


have 


at beh 2.2 (14) 
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For, (p.—Ps)*+(9.—93)* -(4,—7,)? 
=(pit+g,2—r,")+ (pa? +q 77?) 
š —2(р\р,+ +919. —71",) 
=1+1—2 
=0 


8. THE CONDITION OF INTIMACY OF TWO ELEMENTS WHOSE EQUATIONS 
ABE GIVEN. 


Theorem. If a,¢-+b,y—c,2=0 and a,0-+b,y—0,2==0 be the equations 
of two basic elements а and В, the necessary and sufficient. condition that 
а and В are intimate is 


ауа, + b b, — 0,0, = 0 .. (15) 


Oase I. Let neither of a and 8 be horosyclic, 


Let a, be an orient of a and Be an orient of B. Let Pi, qa z, be 
the co-ordinates of a, and р,, qa, 7, the co-ordinates of Ве, then from 
(10) 


Vi ips b, =% =k, (say) 
Pı 91 

and ©з = b = % =k, (вау) 
ps qs fs 


Therefore 4,¢,+5,b,—c,¢,=h К, (p.p +993717) 
=k, k, div (обе) 


This shows that the necessary and sufficient condition for the inti- 
macy of a, and б, and hence of a and ñ is 


34,0, Fb, b,—0,0, 0 


Oase ТІ. Let a be horocyclic. 
If B is intimate with a, then 8 must either be an equivalent horo» 


oycle in which case 


a,a,+b,b,—0,c,=0,7 +),*—c,,=0 from (14) 
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* The result follows at once from the fact that the join is intimate 
with both the given elements. : ` 


Corollary (2): The heoessaty and suffloient condition that the elements 
a, B, y whose equations are ` 


d bye diei 
G,24-b,9 —6,:—0 
a,a-+b,y—c3e=0 
be co-Tntimate ts the vanishing of the diterminant 
a, b, e, | 
G, b, бу: es (17) 
в, b, C, 


9. TAR HQUATION OF THE SYMMETRIC BBTWREN TWO DIREOTED SLEMENTS. 


Let a, and В, be two directed elements, then there exists a unique 
basic element À such that, all directed elements intimate with it are 
equidivergent with a, and Во. À is then defined to be the symmetric 
between a, and В,. ` ` 

Let puqi Tı 3 Ps» Qa "а be the cosordinates of a, and ñ, res- 
pectively then the equation of A, the symmetric between them, is 


(py —Ps e+ (431—949 — (rir) =0 ue (18) 
For let #,, у,, 2, be the co-ordinates of any directed element y, 
`intimate with A, then 
(р, раа, 04,43). — (ri — 73) 50 
or pix Gir npa dis 7 Tas 
or div (eyo) div (Boro) 


To show that the symmetric is unique, we mote that if there is any 
other element with equation 


lot my—n:=0 к эч (5) 
which satisfies the definition of tho aymmetrio, then 
(р. —рь)2+ (9—4) yers )s=0 es (507) 
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is satisfied for all values of- r,'y, : which satisfy (ii). Whence the ° 
equations (z£) and (222) must be identical. . 
It has been shown in the paper referred to in the introduction that 
the symmetric between, 
(4) Two similarly directed points P and Q ts the right bisector of PQ. 
(її) Two oppositely directed points P and Q їз the mid-point of PQ. 
(sit) A directed point P and a line AB similarly directed to tt із the 
principal Ипв® of P and AB. 
(iv) A directed point Р and a line AB oppositely directed to st ts the 
principal point of Pt and AB. 
(v) The symmetric between two similarly directed parallel lines is a 
horocycle having both lines as axes. 
(vi) The symmetric between two oppisitely directed parallel lines is 
their middle parallel. t 


(vit) The directed lines ОА and OB meeting at O ts the e, ternal bisector 
of the angle AOB. 


(viii) Two similarly directed lines with a common Е is the 
mid-point of this perpendicular, 

(їз) Two oppositely directed lines with a common perpendioular їз the 
line bisecting thts perpendioular at right angles. 


(х) A directed point P and a directed line AB intimate with itis а 
horocycle having as an aiis the directed line PL, the sense of AB relative to 
L being the same as the sense of the directed, point P. 


10, THE GENERALISED ANGLE-BISEOTOE AND ВІрЕ-ВІВЕСТОВ THEOREM, 


If а,, Bo» уо be three directed elements and xf X be the symmetrio between 
В, and yo, p the symmetric between yo and a,,v the symmetric between 
a, and B, then X, p, v are co-sntimate.§ 


* The principal line of P and AB is defined as follows :—Draw PL perpendicalar 
io AB meeting AB gt L. Take P’ on PL such that P'L is complementary to PL, P 
and P'lyi:g on the same side of L. Let M be the mid-point of PP” Taea the line 
perpendicular to PP” at M is defined to be the principalline of P and AB. 

+ The principal point of P amd AB is defined as follows :—Draw PL perpendi- 
cular to AB meeting AB at L. Take L’ on PL such that PL’ is complementary to 
PL, L and L’ lying on the same side of Р. Let 8 be the mid- point of LL’. Then 
8 is defineå to be the principal point of P and AB. 

t The locus of points equidisthnt from two given parallel Unes is а line parallel 
to both. This line is defined to be the middle parallel of the two given lines, 

$ For-a summary of cases see Art 12, Loe. cit. 
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Let а,, Ь,,0,; Gy) bas Cg} Gs, bas 0, ; be the co-ordinates of ao, Bo, 
Yo respectively. Then the equations of the symmetrics A, р, у are 
respectively 
(a, —24)e-- (b, —5,)y — (e, —0, )s=0 
(a,—,)«4 (b, —b,)y—(e, — 0, a=0 
(a, —a4)2-F (b, —b,)y— (c, —0, )s=0 


Since the determinant 


4 e ^s 


à, —2, b.—b, €, —0, 
a,—a, b,—b, 03—61 
a, —a, b,—b, сус, 


identically vanishes, the theorem із established. 


11. THB GBNERALISED MEDIAN THEOREM, 


Uf a4, By, y+ be three directed elements, and x u, v be the symmetrics 
between B, and y., y, and а, a, and В. respectively, then the basic 
elements (aX), (Bu), (yu) are co-tntimate. 

Let the co-ordinates of а, B+, y, be respectively a,, bi, 6,; a,,b 
05; as, bs, €a. Then the equation of А is ` 


a? 


(а, -+0,)2+ (b, +b3)y— (о, c4): 0 
and the equation of a is | : 
a,z-Fb,y—o, 2-0 
Hence the equation of (aA) the join of a and À ів 
(A, —A,)e-- (B, —B,)y—(0,—0,)50 


where À,, B, etc. are the minors of the corresponding small letters in 


a, b, cy | 


| a, b, в, | 
- Bimilarly the equations of (Bj? and (yv) are 
(A,—A,)z--/B,- B,)y- (0, —0, «0 
(A, —A e+’ B, —B,)y— (0, —0,):0 
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Since the deteminant 
A,—A,  B,—B,  C,—0, 
А.-А, — B,—B, 0,—0, 
À,—AÀ, B,-B,  0,—0, 


vanishes identically the theorem is established. 


12. 'THE GENERALISED PERPBNDIOULAR THEOREM, 


If a, В, у be three basic elements, then the three elements {(By)a}, 
{(ya) 8}, ((aB)y] are co-intimate. 


Let 
a19-4-b,y —o,2—0 


as 2--b3y —c,20 
a,@+b,y—c,s=0 
be the equations of a, B, y. 
Then the equation (By) the join of В and y is 
(6,0, —5,0,)2- - (0,0, —с,а,)у — (a, b, —a,4 b, )gzzO 
or A,t+B,y-0,s=0 
where A,, B, etc are as before, 
The equation of { (8у)а}, the join of (By) and а is then 
(6.6, —o, B) (64,4; —0,C,)y — (2, B, —5, 4, )e=0 
‚ and similar equations may be obtained for { (уа) 8] and {(aB)y}. 
Now consider the determinant 
b,C,—¢,B, c,ÁA,—a,0! — a,B,—b,A, 
b,C,—o,B, c,A,—a,0, aB, —b,A, 
5,0, —c, B, 0, À,—a4,0, G,B,—D,À, 
The sum of the constituents in the first column is 
(5,0, 5,0, --5,0,) — (c3 B, 4 e, B, +c, B,) 


which is zero. Similarly the sum of the elements in every column is 
zero, Hence the determinant identically vanishes and this establishes 


our theorem. 
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On OERTAIN INTEGRAL EQUATIONS OF THE SECOND KIND 
AND THE CONSTRUCTION oF MATHIEU FUNOTIONS 
| a . : 
S. C. Duar, 
(Nagpur University) 


In a paper published in the International Congress of Mathematics,* 
Prof. Whittaker was the first to obtain certain homogeneous integral 
equation connected with Mathieu Functions and had shown how they 
could be utilised for the construction of these functions. In a paper 
published in the Journal of Sotence, Vol. ТЇЇ, Oaloutia University, 1 
obtained a general form of the homogeneous integral equation of 
Whittaker’s type connected with Mathieu Functions. It is the objact 
of this paper to obtain integral equations of the second kind con. 
nected with these functions and those of the second kind and to show 
how they can be used to construct them. 


$1 


Let it be required to obtain the general solutions of differential 
equation of the type 


DH e Qy- y, ooi QD) 


- where Q, B are functions of z. І „= | 
Supose у, (в) and y,(s) are any two solutions of 


аз i : 
9+9=0, T i (2) 
Let us now assume that 


sG)ew GG MG. awe @ 
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is the general solution of (1), where s, and wç are two arbitrary 
funotions of s, whose forms are to be obtained subject to the conditions 


du du 
hop Ff GO. ve (4) 





Now substituting y(s) of (3) in (1) and simplifying by the Зар of ` 
` the above relation, we obtain ; 





du, dy, du,.dy, . 
da 7 “ds + T =R(tiy.+tyys) «жа (5) 


But from (4) we have 


du, du, 
-Z da =Z, (say) 
Уз 1 
then д =—Zy ди, — 7, 
"dec emot s 


and the relation (5) becomes 


Pes 
Z (n$ y, Z r. =R(u,y: tty) .. (6) 


Now, y, and y, being solutions of (2), we have 


| yi" yi |. 
=0 





ys" Уз 
which on integration reduces to 


dy, dy, _ = De on we (7) 


where O is an arbitrary сайды 
Hence we have 


OZ=R(u,y, +uyy,)- 
Therefore the solution of the equation (1) will be given by 
y(s)=tyiteaya, x IDE 
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when we take 


_B 
Z==v(e)- 
With this value of Z, we obtain the values of u, and t, as 


# 
(а) She Ay(e)y,, or «=л- (мобу оа 


а 
š & 
(b) 2n =È y(n-ys; or “=B ‚жожо (t)dt 


a 
where A, B, a are arbitrary constants. 
Hence the solution (3) reduces to an integral eqnation of the second 
kiud as 


(D y 
vo | ae (8) 





. ri 
#(Ә= (Ay; +By,) + зо 
yi x) 
а 


8 2, 


On examining the relation (7) we find that the equation (2) cannot 
have two independent solutions which are both odd or both even. 
Hence of the two solutions of (2), one is odd and the other even. 
Let y, (e) be the odd and y,(z) the even solution.. Then if R be an 
even function, the integral equation 


y.) (D 


(йа, e (9) 
OE ШУ 


й 
y(s}=By,(s)+ во 








will give even solutions of (1). This can be seen as follows :— 


Writing—s for z in (9), we get 


— 
уб—)=Ву,(—) +i (nw 
0 


yi ys) 
yi(—2) y |(—z) 





| y(t)dt 
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| ) (° yc) (D | ` c 
=By,G)-S ABCD] 2 y(—#)dt 
10—45) 5а(—) 
0 
+ £ š . 
1 yi(t) 0) 
=Ву,(в) eo | RO y(—t)dt —— 
yiG) — yi) 


0 | ою 


ч 
which is of the same form as relation (9). Therefore y(z) and y(—z) 
satisfy the same integral equation. Now as the solution of an integral 
equation of the second kind is unique, we must have 


~~ 


y y(—2)=y(2) 


or in other words, the relation (9) will give even solutions of (1). 
Similarly the odd solutions will be given by the integral equation, 


y(t) Y(t) 
pn) Уз (2) 


A 


уба... (10) 





z 
«cas ose {н 
i 0 


§ 3. 


Let us now apply the above method to find the solutions of Mathien’s 
equation 


ау + (A416 cos 2.)y=0, 
2 А 


which can, for the present purpose, be written in the form 


d° : 
acd may s — (2 16g cos 22), . (11) 
where А =т" +a, a being an arbitrary constant. 

The even solutions of the above equations will be given, for different 
values of m and a’, by the integral equation І 


g —. 
y(z)=B cos I (a' 4-16q cos 2t) sin m (t—s)y(£)dt ... (19) 


0 Ў 
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- Suppose | 
(00 IOSA HSH Sale) 


where fa, f, ... ete. are periodic functions of ғ хешу and до not 
* contain q, and suppose also 


a! =a, qtaq’ +...0tc., 
where a,, a, ,...&re numerical constants; and 
B=1+b,g+b,q3 + ...ete 


where 6,, ӧ,,... are numerical constante. 


On substituting in the integral equation, we find 


fol) +97, (в) - a* f (2) +...= (145, qb. q? +...)eos mz 
s - 
eMe onim cos 2t) 


xsin т(2—2){ fo tafi) -...]dt, 
Henoe equating the co-efficients of successive powers of g, we get 


(2) f.(z)=cos mz 


£ 
(tt) f,(z)=b, сов me+ е, +16 cos 2#) sin | m(t—s)f, (£)dt, 


e 


(iit) f.(s) —b, сов ms + = f sin m(t—z)f, (¢)dt 
0 


£ 
+2 (а, +16 сов 2£) sin m(t—2f, (1)dt, 


‚ 0 
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The expressions f,(2), f,(z),...ete., will have to be obfained in 
succession from the above relation, subject to the condition that a,, a,, 


..must be such as will give f,,f.,..., eto, periodic forms. The 
values of b,, b,,...will be obtained from the condition that the expres- 
sions for f,, f,,... will not contain cos ms as a term in them. 


Thus on integrating, we obtain :— 


4 š 
(a) f.()= (+a ) cos me— se sin ms 





+ 2 сов (m+2)z _ 2 сов (m—2) } 
m+1 m~l, š 





if a,=0, and n=- „ү, then 


oe 


— 2ecos(m+2)s _ 2 сов (m—2)s 
f,@)= m--1 m—1 | 


š 


r: 
4(m* +2) } cos ms 


O AO = (а rica; 


х 2 —a, 16 
TES Me stt wan } 





. +f 2 сов (m—4)s ^, 2 cos(m+4)s 
; : (m—1)(m—2) © (m+1)(m+2) 





c 
Loc 32 = Alm? + 2) 
we + а= ктү, апа Вая I SOY =" then 
_ 9 сов (m—4)s 2 cos (m + 45s 
У 0) = (m—1)(m—4) * intimt) 
and so on. - 


Thus we see that when 


А=т? + A вів. 
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the solution of Mathien’s equation as obtained by the integral equations 
(11) is ` 


dose bg _ 2 оов (m2 P see] 





a f 2 сов (m—4); 2 cos (m-4-4)z 


which is denoted by ce.(z, 9). 


§ 4, 


We will obtain by the above method the solution ce, (z, q), 8 parti- 


cular case of the above. We obtain the expressions of fo, f,, f,, - ote., 
as given below :— 


(2) f(s) ==00в z 


5 
(ii) f,(2)=b, cos «| (a, +16 oos 2£) sin (t—z) cos t dt 
0 


zz(b, —1) cos s— (4-- 42, )z вір s4-cos 3z 


if a,=—8, b,—l and f,(s)=cos 3: 


g 
($533) у, (е) =b, сов +) sin (¢—z) cos їйї 
0 


ey. x 
+ {cose сов 2£) sin (£ =z) cos 3tdé 
0 


=(b, +$) cos s—(qa, +4) s Bin s4} cos 57—008 Зе 


^ if d,——8, n=- f (2) =$ cos 5s—cos 3s 
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(tv) fals) = b, cos z-Fa, Y sin (2—2) cos £ dt 


g 
ed sin (£—z) cos 8t dé 
) ' 


: : 
«pe. +16 cos 2£) sin (t—~s)f,(t)dt 
0 


=(b, +=) cos z+ (4-3) z sin z+} cos 3s 


—$ cos 52+, cos 72 
if a,—8, and b,=—-~;, then 
f, (z)=1+1 cos 32—¢ cos 524 y сов 7s. 


and so on. 


Hence when 
А=1—84—84* +8q? --...eto., | 
the solution of the integral equation is 
cos s-Fq оов 33-++-¢*(4 cos 5s—cos 8з) 
+q°(% cos 83% col Dz-- 4g cos 75) -+...040,, 


which is nothing but the solution ce, (z, q). 
N.B,—The solution ce; (z, q) can also be obtained as the solution of 
the integral equation of indirect integral form as 


z 


y(z) =сов z hci cos 20) sin (1—ғ19(0)4, 


where а= – 87—84° +89 —...ete. 
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The construction of the solutions of the second kind. 
The integral equations which we have obtained above, can also be 
* used to construct the solutions of the second kind of Mathieu's equation 
(11). This- method, though -sometimes laborious, is yet useful, We 


will first proceed to obtain the solution iy,(z,q) by means of the 
integral equations 


s =, 
y(z)=8 sin mer | (a'+-16g cos 22) sin m(t—z)y(t)dt ... (18) 
0 
where 
Р В=1+5,9+0,9* +... 
ап 





qu 329° __ 128(5m*+7)q¢ 


Tb (ни (н) ^ 


=a,q' —a,g*...eto., 


ihis expression for a' being the same as was obtained in $ 3 for 
obtaining the solution ce,(#, q) from the integral equation (12). 


Now suppose that 


: у(®)=/ь (®) taf 2) +97, G) F ............ eto., 
where f,, f,... are functions of z only and do not contain g. 


Substituting in the integral equation (13) and equating like powers 
of q, we get 


G) f.(z)=sin ms : 


s 
(it) у, (в) =, sin ms + ij 16 сов 2 sin m(t—s)f,(t) dt 
0 


£ 
(53) f,G)=b, sin m: val віп m(t—z)f,(t)dt 
0 


m 


£ 
° 4 1l 16 cos 26 sin m(t—=)f, (00, 
m 


0 
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On solving the above equations in succession, we obtain fi, f,,...etc. 
The numerical constants 6,,),,... are obtained from the condition 
that the forma of f,,/,,...must not contain sin mz as a term in 
them, Thus we obtain 





4 2 2 81 2 2 si —-9 
(9) 4G (6 а) sin me +28 Qnem Bio (m9 
i bas then 


_. 2sin (m+ 2); sin (m—2)z 
AG) TM m-4l š ті 








2 Р 2 : 
(0) А0) = im Fl) ЕЗ) sinfin 4- 4)s 4- DEN gin(m —4)z, 
: AE 4(m* + Am? —14m* —16m +16) 
where b. = CEs ттр 7 
and go on. 


Proceeding as above “we will obtain the solution їз, (е, q). We 
proceed to show the method by working out a few particular cases. 


(a) Let us construct the integral in, (2, q) by means of the integral 
equations (13). То obtain the forms of fy, f,,.. we skall have to 
solve the following set of equations :— 


(з) fo (¢)=sin z 


Ра 


£ M 
(44) f (z)=b,sin =f (—8 +16 cos 2t)sin(t—2)f, (tdt 
0 


z 
(йй) р, (2) =b, sin =| sin (t—z)f,(i)di 
0 E 


z 
"UNE 2 (—8+416 cos 2£) sin (#—s)f, (Hdt 
: x 


tte 1 31* tte тет 
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Solving the above rasha in succession, we = 

(а) fo(z)=sin в 

(b) f,(s)=b, sin z—8:z cos s-r sin 324-5 sins, 
Now, choose b, =— 5, so that f, (е) does not contain sin г, then 

Ў, (s)=sin 8:—8: сов s. 
(6) f(s) =(5, — 350) віп z-F5 sin 32-1 sindz —85 cos 54 
i£ b,=*"e, thon- f,(2)=(ġ sin 5z+5 sin Зе) — 8s cos 8: 
(d): f, (2)  (b,-- 83g )sin 24245 сов z--8z cos 32—$: сов 5z 
T uy sin 7z+ $ sin 52—3 вір 32, 
if b,-—845, then 

У, (з) ==.(24 сов z--8 cos 3: —4 сов 5z) + (py сов 72-+4 sin 52—36 sin 32) 
Hence is 27, (2, q) is given by the integral equation 


y) - 0 —5g 4-384? T8480? +...) sinz 


£ - 
‚| (a'-F16g cos 2#)увїп(#—)у(Ё) di, 
0 


where 
a! ——84j—84?-Bq*—... ^ | M 
N.B.— The same integral is 19,(z, g) сап also be obtained by solving 
the integral equation of indefinite integral form as 


5 
yosteta ies (а'+ 16g cos 25)sin(t—2z)y(t) di, 


а! having the same value as above. 


(b) If we proceed to construct the integral £5, (2, q) from the integral 
equation 


л | 
у(2) = B sin 22+4 I cos 2t)sin2(£—s)g(2)di, 
0 
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where ° 5 ° А 
ашар" —Sigtgt +... 
we obtain according to the above procedure, 
(т) fo(s)=sin 2s 
(т) р, (в) = (6, — $) sin 2045 sin 4s 
if b=% f,.(z)=+ sin 4z. 
(тй) f.(G)— (b, —$) sin 224-82 сов 2z++ sin 6z 
if b,=$, f,(s)=8- сов 2z--3 sin 62 
(tv) у, (2) = (0, 934) sin 22— 162-38 cos 4i -F Jy sin 8s—#šsin4s 
if b,——94&, 
falz) 2 —16e-F342 cos 4s ++ віп 82— $5 sin 4z. 
Hence 
y(z)=sin 2z+3q sin 4z-- g* (8z cos 2z++ sin 6:) 
rq (—162-- Mz cos 4z+ dy sin 8; —$k sin 42)-+...... 
which is nothing but the азана ina (2, 9). 


УтотомаА COLLEGE ов Sorence, Мавров. 
February, 1927. 
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ON THE INDIAN METHOD OF Root EXTRACTION 


By 


AVADHESH Narayan SINGH 
(Calcutta) 


Introduction 


. In his History of Mathematics which has recently come out Professor 
D. Е. Smith has made the statement that Bháskarüchürys's method of 
extracting the square root of a number is similar to that given by 
Theon of Alexandria, and that the Hindus obtained this method from 
the Greeks through the Arabs.* Further on in the same chapter is 
given an illustration of the method of extracting square roots given by 
Cataneo (1546) with the remark that “ among the early writers to take 
an important step towards our present method was Cataneo In the 
course of the present paper it will be shown that Bhaskaracharya’s 
method of extracting square roots is the same as Oataneo’s, and that it 
was given by the Indian mathematician Aryabhata as early as 499 A.D. 
On the other hand, the method given by Theon of Alexandria does not 
in the least resemble Cataneo’s method. Thus the first statement of 
Professor Smith is contradicted by the second. It seems that he has 
fallen into this error by following Mr. б. R. Kaye too closely. The 
blunders of Kaye have also been repeated by Professor F. Cajori.t 


- Kaye's mistake 


Kaye has published two papers, “ Notes on Indian Mathematics I— 
Numeral Notation ”, and “ Notes on Indian Mathematics [I—Aryabhata’’ 


* D. E. Smith, History of Mathematics, Vol. Т (1995), pp. 144-48. 
-4+ F. Cajori, "The controversy on the origion of our numerals," The 
Scientific Monthly, Vol IX (1917), p. 450. ; 


ey 
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in the Journal of the Asiatio Society of Bengal, Vol. ILI (1907) and Vol. 
IV (1908) respectively. These papers besides many other errors and 
misrepresentations contain the mistaken assertions that the rules for the 
eatraction of square and cube roots given by Aryabhafa are perfectly general 
(5.6., algebratoal tn character) and apply to all arithmetical notations, and 
that the method was known to the Greeks and admirably e. pressed by Theon 
of Alexandria. 

The object of the present paper is to clear tho mis- understanding 
created by the writings of these authors, and to examine closely how 
far can India lay claim to the invention of the present methods of 
extracting square and cube roots. 


I 
Aryabhata’s rule for the ertractton of square roots 


1. The first Indian writer to give a method for the extraction of the 
sqnaré root of a number was Aryabhata (born 476 A.D,). In his Arya- 
bhafiya which was composed in 499 A.D. at Kusumspura (the modern 
Беша), there occurs the following rule: 


mi wee raqa a gaa | _ 
wate wu war Wert qup 


(Ganita-p da, 4) ` 


Kaye’s wrong translations 


Kaye has given two translationg* of this couplet. Thy are: 

(1) “ Always divide the part that ts not square by twice the root of the 
square, after having -subtracted from the squared pari the square of -the 
root : the quotient is the root to the next term,” 

(2) “Square having been subtracted from square, always the non- 
square must be divided by double the square root. The quotient placed 
at the next place; this gives the square root.” 

. Taking the first of these translations, we see that the first operation 
to be performed is * to subtract from the squared part the square of the root.’ 
Now supposing we are to find the square root of, say, 625, how are we 


7% Kaye, ‘Notes on Indian Mathematics ТФ П” Journ, Asiatic Soc. of Bengal, 
Vols. UI Ф IV respectively. 
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going to apply thernleP Where is the squared part and where ів the 
root of which the square is to be subtracted P How are we to know 
what part of 625 is the ‘ squared dart’ and what part of it is the ‘part 
«that ts not square’? Taking the second translation wê are confronted 
with a similar difficulty. How are we going to subtract ‘square’ from 
‘square’? 16 is dificult under these circamstances to guess what Kaye 
really means by there translations. 

Thus according to Kaye’s translations, Aryabhata’s rule for the 
extraction of the square root of ‘a number appears to be an array of 
words without any sense. But in fact, it is most certainly not so. The 
commentators of Árysbhata, such as Süryadeva and Paramegvar, have 
explained the rule so very Incidly that there can be no doubt about its 
tme meaning. Only the incorrect translations of Kaye have made it 
appear simply miserable. It seems that either the learned author of 
these translations is profoundly ignorant of Sanskrit or the translations 
have been deliberately made meaningless in order to deceive unwary 
readers. 

The correct literal rendering of the couplet ought to run as 
follows : 


Always divide the even* place by twice the square root, after having 


- subtracted from the oddt place the square (əf the quotient) ; the quotient 
placed at the next place (gives) the root. 


Lilustrationst 


The digits of the number whose square root ів to be found are marked 
off as standing in odd or even places by patting over them vertical and 
horizontal lines thus: 


* aaa daa | 

i.e. ‘Avarga’ is the name of the even places (Parm). 
T aefa qà dfarenfa | 

‘i.e. ‘ Varga’ is the name of odd places, (Parm.) 


I For an illustration of the method carried ont on & ' pati’ вее page 129, foot. 
pote, : 
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and the method proceeds as below : * 


1—-1-1 
n 547 5 68 ( root=2 
Subtract squaret .. 4 ; 2 0 3 
Twice root, ie, 2x2is 4) 14 (8 quotient 
Placing quotient at the next 
place gives the root 23 





12 
° 
27 
Square of quotient _ As 9 
Twice root is .. 228 = 46) 186 (4 quotient 
š Placing quotient at the next 
place gives the root 284 
184 
16 
Square of quotient . 18 





Thus the required square root is 234. 


Aryabhata’s method the same as Oataneo’s 


Now the method of Cataneo, which according to Smith is the fore- 
runner of the present method, has been illustrated by him as follows: t 


64756 ¢ 284 
4 Primo 4 


1 4 
Secondo 46 





* A similar division of the notational places into ‘odd’ and ‘even’ has been 
conceived by Aryabhata in expounding his system of alphabetic numeral notation. 

T senederrag wat aa (а 1° 
i.e., subtract the greatest square number from the läst odd place (Parm.). 

£ Smith, History of Mathematios, Vol, 11, p, 148, 


ON THE MErHOD OF ROOT EXTRAOTION 127 


A comparison of the above with the illustration of Ávyabhata's 
method given before shows that both the methods are identical, all 
the stepg of the process being the same in the two cases. 


Theon’s Method 


Not content with giving wrong and meaningless translations of 
Aryabhatea’s rule, Kaye has made the mistaken assertain that the 
method was known to the Greeks and admirably expressed by Theon of 
Alecandria. Smith and Ов]ог1 have followed suit in making similar 
statements as already pointed out in the introduction. 

Now the method given by Theon of Alexandria is as follows: 


“ Find the root of the.nearest integer to the whole number, subtract 
the square, conyert the rémainder into primes and divide it by the 
double of the first root, and. thus determine the next term in the root, 
square the sum of the terms found, subtract this square, convert the 
remainder into secords and divide it by the double of the root already 
found, and you will have the square root very nearly.” 

The abaye rule has been illustrated by finding the square root of 
4500 to be 67 4 55” approximately. Theon’s rule differs from 
Catanso's or Aryabhata’s method in the following important parti- 
` (1) It is a method of finding the approrimate * square root of a 
number in sexagesimal fractions, if it is not a perfect square. 

(2) The greatest number whose square equals the nearest integer 
is to be found out by some method which has not been mentioned. 
Theon gives no rule for finding out the whole number of the root, 67 
in this case. - 

(8) No mention is made of division into periods (odd and even 
places). The method, unlike that of Aryabhata, is algebraical in 
character and applies to all possible notations. 

Another example of finding the square root of a number із found in 
Theon’s commentary on the Synígzis. Here the square root of 144 is 
found out, the work being illustrated by & diagram. Theon takes an 


-* The detailed wprkings of the process have been given by Henth (History, 
Vol. I, pp. 61-68) where it has also been póinted out that “ Theon's plan does not 
work conveniently so far as the determination of the first fractional term (the firat- 
sixtieths) ig concerned, unless the integral term in the square root ig large relatively 
oit." i 


8 
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arbitrary * number 10 whose square is less than 144, and shows that. 
after subtracting  10*.F2.10.2--2* there is no remainder, and thus 
concludes that the square root of 144 is 12, It must be, however, noted, 
that we may have taken any other arbitrary number, say 9 or 11, and 


by proceeding in the same manner got the required result. Gow in his Ü 


History of Greek Mathematics (p. 55), after giving the above example haa 
explicitly stated that the Greeks did not possess a definite method for; : 
the extraction of square roots. Further it may be noted that in no’, 


of a large square number given. Theabova trivial example given by 1, 


| 


Theon can, therefore, be considered only as an illastration of the 
Euclidean formula a* +2ab+5b%=(a+b)?, rather than as an illustration 
of any definite method that might have been possessed by the Greeks. 


All this makes it abundantly clear that Theon's method does not | 
resemble the method given by Aryabhata, and that the ancient Greeks ' 


were never in possession of any definite method for the extraction of 
square roots,t for had it been so, the method would have appeared in 
the writings of early Greek or European writers long before Cataneo 
(1546). ° 


Rules for the extraction of square root given by other Indian 
Mathematicians 


That a novel or forced interpretation has not been puton Arya- 

° bhate's rule is evident from the writings of later Indian mathemati- 

cians, who have all given the same rule. The different styles of 

expressing the same thing by different writers is interesting. I 
Sridhara t (c. 750) gives tne rule as follows: 


{ачат чачат aT aire s | 
Rysa ware q wer {ча da | 
aed’ dips бр gata чїй чи aq) 
чата adt (аме eg ad чей u 


i.e, Having subtracted the square from the odd place, divide the 
next (even) place by twice the root which hay. been separately placed 


* Heath in bis History of Greek Mathematics overlooks tho word ‘ arbitrary ' 
and tries to conclude that the Greeks might have been in possession of a method of 
extracting square roots resembling our present method, but his reasoning ia 
unconvincing. 

+ This conclusion is farther strengthened by the fact that the Greeks had no 
method for finding out cube roots, which is admitted by all historians, 
` £ Trilatika, ва. by B. Dvivedi, p. 5, 


i 


| 


P 


4 


work of the Greeks is а method for finding out the exact square root ' ; 
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(in a line), and after having subtracted the square of the quotient 
write it down in the line; double what has been obtained above (by 
placing the quotient in the line) and taking this divide with it the 
next (even) place. Halve the doubled quantity (to get the root).* 


* The orthodox Hindu method of carrying out the operation on а pati—an 
wooden board on which eund is spread and figures are written in the sand with the 
fingere—is given below : . | . 

The given number is written down on the раќ and the odd and even places are 
marked by vertical and horizontal lines thus 


Io PT“ tet 
5 4756 


Beginning with the last odd place, the square number is subtracted. 4 subtracted 
from б gives 1. Then the number b is rubbed out and the remainder 1 written in 
its place. Thus after the first operation is performed, what stands on the pāļi is 
а. 
147656 


The root. 2 is permanently placed at а separate portion of the pati which has been 
termed pankti (ie. line). Dividing the number up to the next even mark by twice 
the root, (i.e.) dividing 14 by 4 we obtain the quotient 8. "The number 14 18 now 
rubbed out and the remainder 2 written in its place; thus on the pati we have now 


1-1 
2756 


The square of the quotient, i.e., 9 is now substracted from the figures upto the 
next odd mark, ї.6., 27. This gives 18; 27 is rubbed out and 18 written in ita place, 
The number on the pati is now 

z - 1 
1856 x 
Placing the quotient in the line gives 28. Doubling the number in tbe line, i.e., 
doubling 28 we get 46, and dividing by it the number upto the next even mark (s.e. 
185) we get the quotient 4. The remainder is 1. 185 is rubbed out and the 
remainder 1 written in its place. The number on the páfi now becomes 


1 
16 

Substracting the square of the quotient, f.¢., 4* from the number upto the next odd 

mark we get no remainder. Putting the quotient in the line we get 184, and doubling 

it we obtain 468. But the given number on the pati has been totally rubbed out and 

there remains nothing on which to continue the process. The doubled quantity 18 468. 

488 being halved gives 184 which is the required root. 

A similar method of extracting square root has been given by the Arab 
Mathematician Ali Ibn Ahmed Al-Nasawi (1080 A.D.) who wrote a book on the 
Indian Calculation in Persian and subsequently in Arabio at the request of Oharaf 
Almouloug (see H. Suter, “Uber das Rechenbuch des Ali bin Ahmed el-Nasawi," 
Bibliotheoa Mathematica, VII (8), p. 114, and Е Woepoke, “ Memoire sur la propaga- 
tion des chiftres indiens," Journ. Asistique, Tome I (6), 1868. 
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Mahaviracharya (o. 850) expresses the ruleMhus : * 


wsñaraqwa wf qaa (Кааба gu че | 
«аг RAAT їч чы R d 


;.e., From the last odd place subtract the square number ; then multiply 
the root by two and divide with this the even place: and then the 
square of the quotient is to be subtracted from the odd place. The 
half of the doubled quantity the resulting square root. 

Aryabhata II (c. 950) gives the rule thus : Т 


J 
fara «Ә wae бччата атака i 
wafer qi бая wae wá waa Чил N 
wa wf wank ачаа ataq qaq | 
idi 


i.e, Vigama (odd) and sama (even) are the (names of the) places. 
From the last odd place subtract the square number, then divide the 
next place by twice the root (of the above square) which has been 
placed іп a separate line, and place the quotient in the (same) line ; 
then subtract the square of the quotient from the place next to the 
one from which the quotient has been obtained. Half of the 
doubled quantity is the root. 
Bhaskarachirya (b. 1114) gives the rule thus : £ 


ашта" agaia Taya | 

wart wa afd cary aaraa бта mp u 
duit Чеча ate fara ema wem | 
dur fers aafaa wu: deed emas u 


i.e, Subtract from the last odd place the greatest square number. 
Set down double the root ina line, and after dividing by it the next 
even place subtract the square of the quotient from the next odd -place 
and set down double the quotent in the line. Thus repeat the operation 


* Ganitasdra Samgrah, ed. by M Rang&charya, p. 18. 

The translation given below is Rangücbhürysa's. An illustration has also been 
given by him, 

+ Mahasiddhanta, ed, by 8. Dvivedi, p. 145. 

t Cf. Taylor's Lilawat:, p. 1. The'method has also been illustrated by working 
out-an example. 
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throughout all the figures. The half of the number in the line is the 
root, 








Illustratto 
I> 1-1 
54756 
4 Double the root 2=4 
4)14(8 Setting down double thus quotient, 
18 i.s., 8x 2=6 in the hne we get 46 
7. 
9 
46)186(4 Betting down double this quotient, 
184 i.e., 4 X 9-8 ın the line we get 468 
16 
16 





T'hà root=half the number in the line, e, 208 =234. 
Kamalakar (1658) gives the rule thus :* 


sat апааа таге? {ийчи tear | 
jan weet "ч rae «9 ATT UI 
raana fig TALS We 99: | 
ча wA w fae ye ge d 
84 at quist атта varía v | 
чачат 99 айг u 


$e, By means of vertical and horizontal lines placed on the 
digits (of the given number), from the first to the last, the 
digits standing in the several places are designated as odd and 
even respectively. Subtract the square number from the last 
odd place, and. divide the even place by twice the root; then 
subtract from the. next odd place the square of this quotient; 
repeat this procedure again and again till all the digits of the 
root (are obtained). The roots of the squares (that have been 
subtracted) placed from the last place in the reverse order are 
termed the root.t 
It is thus clear that all the Indian mathematicians from “Aryan 

(b.476 A.D.) to Kamal&kar (1658) have given the same method 
of extracting square roots. We shall now show that this method, 


* Siddhanta-tattoa-viveka, ed. by 8. Dvivedi, p. 40. 
+ See worked out example, pp. 125-26. The roots of the squares subtracted alee” 
2, 8, and 4 : thus the root 18 at first 2, then 23 and then 284. 
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which we can now call the Indian Method, is the same as the present 
method. | 


Present method the same as Aryabhaja’s method, 


For comparison, the working of Aryabhata’s method of extracting ` 
square roots is given below side by side with the present method. 


Aryabhata's method. Present method. 
bet 
54756 . . $47 5 6 (984 
93= 4 ae (1) root=2 4 е) 
QxQ= 4 )14( 8......(a) 48 | 147 
19 Planng quo- 199 (3) 
— (8) tent at the — . 
97. next place 464 1856 
8'= 9 uses (b) gives 28. 1656 ap esse (8) 
93 x Q2==48 ) 185 ( 4...(a) \ 
184 Pacing quo 
— (8) tient at the 
16 next place 
4% = 16.......... (b) j gives 994. 


Tt will be seen from the above illustration that the present method 
of extracting square roots is the same as Aryabhata’s method with the 
only difference that the processes indicated as (2) and (3) in the 
working of the present method were each carried out by Aryabhate in 
two distinct steps marked (a) and (b) in the above illustration. 

Itis now established that a method of extracting square roots 
which is in all essentials the same as the present method was known 
to Aryabhate as early as 499 A.D. From the terse and abridged 
style adopted by him in giving the rule it seems that the method must 
have been well known among the mathematicians of his time. In fact 
there is nothing to show that Aryabhata was its inventor. He was 
only twenty-three years of age when he wrote the Aryabhatiya. More- 
over he does not lay claim to originality for the contents of his book, 
and definitely states that he has written what he obtained from his 
guru (teacher), and from the vast store of knowledge already known. 
The invention of the method, therefore, may be said to have been 
made abont the beginning of the fifth century of our era if not earlier. 

Along with the Hindu Numerals, the Indian mathod of extracting 
square roots seems to have been communicated to the Arabs about the 
middle of the eighth century, for it occurs in the writings of all Arab 
mathematicians who wrote on the Hindu numerals in precisely the 
same formas given by the Indian mathematicians. Thence it was 
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communicated to Europe, and occurs in similar form in the writings of 
Peurbaeh* (1423-1461), Ohuquet (1484), La Roche (1520), Gemma 
Frisius (1540), Oataneo (1546), and others. 


| II. 
The extraction of Cube Root 


It will now be shown that the method of extracting cube roots 
given by the ancient Indian mathematicians is the same in all essen- 
tials as the present method. The first Indian mathemattcian to give 
the method was Aryabhate. The method as given in the Aryabhaftya 
runs вз follows : 


«atra чата frere quiu | 
aiant ачазы; wre ee eg ut 


Kayet has given an incorrect translation of the above rule, and 
has made the mistaken assertion that the method is algebraical in 
character and applies to all possible notations. His translation runs 
as follows : 

- “Multiply the square of the root of the cubic quantity: by three, and 
divide the second non-cubic part by the product. Multiply the aquare 
of this by three times the preceding and subtract the product from the 
first non-oubic. Then the cube ів to be subtracted from the onbe. ” 

The above translation as it stands is perfectly meaningless. It is 
difficult to guess what Kaye really means by the first non-cubio part 
and the second non-cubio part, and subtracting the oube from the cube. 
The learned author of these translations has not illustrated the rule as 
given in his translation by an example, perhaps for the simple reason that 
he did not know what to make of it. Had Kaye possessed a moderate 
knowledge of Sanskrit, and & fair amount of acquaintance with the 
writings of Indian mathematicians, he would not have given such an 
absurd translation, especially in view of the fact that the published 
commentary of Parameśvar explains the method very lucidly and 
in very aapi Бин $ 


* Trueleín, “ Das Rechnen in 16. Jahrhundert, ” in Abhandl. Math. Wissen- 
schaft (1877); Triparty in Boncompagni’s Bulletino di bibliografia e d storia delle 
scienze math. e fisiche, XIII, p. 695. 

+ Aryabhatiya, Gagita-páda, 5. 

Í Journ. Asiatic Soc. Bengal, Vol IV. (Aryabhata). 

`$ The commentator Büryadeva has explained the method with the help of an 
illustrative example, 
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The correct Hteral rendering of the rule ought to run as follows: 

After having substracted the cube (of thé quotient) from the ghana* 
place, divide the second aghana place by thrice the square of the root, 
and subtract the square of the quotient multiplited by thrice the pre- 
vious root from the next (aghana place); the quotient placed at the 
next place gives the root.t 

The digits of the number whose cube root is to be found are, begin- 
ning with the units place, marked off into periods of three each of 
which the first is called the ‘ghana’ the second the ‘first aghana’ and 
the third thé * second aghana’ 


Illustration 
а-г 


19681265 








Subtract cube.t 1 \ 
Divide by thrice square of — 
ront, i, 8х1 = 8) 9 (28 (a) 
a 
Subtract square of quotient 8 
multiplied by thrice the — Root = 1 
previous root, i.6,, 35 Placing quotient 
2*x8xl = 12 after the root 
— (b) gives the root 12. 
Subtract cube of quotient, 282 
ia, 2? = 8 
NM 5 ILL (c) 
Divide by thrice square of 
root, 16, 8x12? = 482)2 25 1(5 |J]  ... (a) | 
2160 
Subtract sqnare of quoti- Placing quotient 
ent multiplied by thrice 912 after the , root 
the previous root, fe, gives the root 125, 
5%х8х12 = 900 1. (h) 
Subtract cube of the quo- 126 2 
tient, 14,52 = 126 en (2) 


2. Cube root = 195. 


* sus we waa fetta fq sea du чүй we Өш, Oqa w? 
"ra 47 Чч wafa (Paramefvar’s Commentary). The first place is called 
' ghana,’ the second and third are ‘ aghana', the fourth © ghana’, the fifth and the 
sixth ‘aghana’ and во on. 

+ This portion is common to this and the previous couplet, see page 124, 

1 ware weer wat ча (01404 (Oom.). From the last ‘ghana’ place 
subtract the onbe number. 

§ The division is to be carried to such an extent that the processes (b) and (0) 


can be carried out, 
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The working of the above example according to our present method 
would run thus : 


1953128 (125 





ll 
г? 
© 
© 


(a^) 1* x 300 
958 
(I) 4 (0) 1х30х2 = 60 
(с) 2* = 4 
3641728 
(a) 19% х 300 =43200]225125 


(g) 4 (0) 12x80x5 = 1800 
(с) 53 =} -25 
45025 | 225125 


It will beseen from the above illustration that the present method 
of extracting cube roots is simply a contraction of Aryabhata’s method, 
The steps marked (1) and (2) in the above illustration were each car- 
ried out by Aryabhata in three steps marked (в), (b) and (c). The 
digits of the root in both processes are obtained by trial division. In 
fact tbe two methods are in all essentials the same. 

All other Indian-mathematicians who followed Aryabhata have 
given the same rule. Brahmagupta (628 A. D.) gives it thus : 


Wer {єчєт ware saqtaq u 


The divisor for the second aghana place is thrice the square of the 
спре root. The square of the quotient multiplied by three and the 
preceding must be sub tracted from the next (aghana), and the cube (of 
the quotient) from the ghana place: the root is found.* 


* Brahmasphuta Siddhanta, ed. by B. Dvivedi, p. 175: for the translation gee 
Oolebrooke's Algebra and Arithmetic from the Sansorit of Brahmagupta and 
Bhasoara, p. 280. Е i 


4 


186 A. М, SINGH 


Sridhara (c. 750) gives the method¥ thus: 


wea чаччайучты TARA TAH | 
«Пец gay чаетечтаче «WW u 

Vere dur td agaa нәү qur | 
wal feu dant ant’ fare waq d 
этет чатта; ята Were чычат | 
чач sata чети verfa fate qure 


* The following is the orthodox method of carrying ont the operation on a 
pati :— I 


The number whose cube root ia to be found is written on the pati thus : 


pie e remm 
196 8126 


From the last ghana place the highest possible cube is subtracted, Неге 1 being 
subtracted from 1 gives nothing. 1 is rubbed out, and tho root of the спре, i.e, 1 ig 
now written down permanently in afseparate line, and also beneath the third figure 
of the next period thus 


9631 26 separate line 
1 1 


Thrice the square of 1 ia 8. Divide by this the next place, і.г., 9. (Here we have to 
take 2 as the quotient, for if we divide out completely the rest of the procedure can 
not be carried out.) The quotient is 2, and the remainder 8. 9 is rubbed out and 
the remainder 8 written in its place, The number on the paj; becomes 


8681236 


The quotient 2 being placed in the line, the figures in the separate line become 12. 

The square of the quotient is 4. This multiplied by 8 and the previous root, i6., 
4x8x1 212, Subtracting 12 from the figures upto the next place, ie. 85 gives 
28. 35 ів rubbed out and 28 written in its place. The number on the pati now 
becomes 


288128 
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Translation: (Divide into periods of) one ghana and two aghana 
places. From the (last) ghana place subtract the (greatest possible) 
cube, placing its root below the third place (+ e., the second aghana of the 
next period) and also permanently (in a separate line) and divide by 
thrice the square of this one figured root the next place (s.¢., the second 
aghana), and having placed the quotient in the line, subtract its square 
multiplied three times the preceding (root) from the number repre- 
sented by the figures upto the next place, and from the first place (of 
the period) (¢.¢., its own place) its cube; again (repeating) the same-- 
procedure as before—below the third place etc.—gives the root. 

Mahüviràchürya* (c. 850) has expressed the method in two ways. 
The first is š 


чаачататча ча ч ferwfer afora metr | 
mafa warma бә ө I web ü 


Translation: From the last ghana place subtract the (greatest pos- 
Bible) cube ; then divide the bhajya place by three times the square of 


The cube of the quotient is now subtracted from the first place of the period, ів, 
the ghana place. Subtracting 9°, i, в., 8 from 283 gives 225, 238 is rubbed ont and 
235 written in ita place. The number on the pati now becomes 

-- І 


9251265. 


Placing the root so far obtained (i. e., the number in the line), i. в. 12 below the 
third place of the next period and dividing by thrice its square (i е., 8 х 12* =482) 
the figures upto the next place, 1.6, 2251, we get 6 as quotient and 91 as remainder. 
9951 is rubbed out and the remainder 91 written in its place, The number on the 
рај now becomes 


The quotient being placed in the line, the figures in the line become 125. 

The square of the quotient multiplied by thrice the previous root (i. e, 5° x 8x 13 
=900) is subtracted from the next place, i. e., 812. This gives 12 as remainder. 912 
ig rubbed out and 12 written in ita place. The number on the pits now becomes 


' 
1 2 5 


The бе of the laat quotient, i. e., 53 ів subtracted from the figures upto the first 
place, i. e., the ghana piace. ` This leaves no remainder and the process ends, 

The number in the line, i. 6., 125 is the required root. 

* Ganitasára Samgrah, ed. by M. Rang&oharys, p. 16, 
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the root ; then subtract from the &odhya place the scuare of the above 
quotient (and so on).* 


The second is 


ways т wee wargame HAATTE чча: | 
ча furum frere чеч giga чё: u 


Translation: The first place is (called) ghanc, the next two are 
aghana (and so on). Divide the second aghana by three times the 
square of the root. From the (next) aghana subtract the square of the 
quotient multiplied by three times the previously obtained root, and 
then subtract the cube of the quotient (from the next ghana place’. 
With the help of the root figures (so) obtained (and taken into position, 
the procedure is) as before.t 


Aryabhata II (o. 950) gives the rule thus :t 


гате they «щт vals чї weary {че | 
ae mana (ачта ае wu 1 

баёи кёч warma” fafaa ЧЕП aq | 
ай agi west aen ws q wa Ww: d 
ащ area бтетя р fate: ит | 


Translation: Ghana, bhajya and bodhya are the denominations of the 
digits (according to their position). Subtract the cube from its own 
place (7. e., the ghana place) writing-down the root permanently (in в 
separate line) and also below the bhdjya place, and divide by thrice the 
square of this (root) its own place (z. e.. the bhajya place), and having 
placed the quotient in the line, subtract its square multiplied by three 


* Ibid, translation, p. 18, 

The only difference between this mode of expressing the rule and that of 
Arysbhate is that the second aghana place is called by Mahavir&chürya the 
bhajya plaoe (meaning the place on which the operation of division is to be per- 
formed), while the first aghana place ia called the sodhya piace (meaning the place 
from which subtraction is to be made). 

+ Ibid, p. 16. 

£ Маћазійдһата, ed. by 8, Dvivedi, p. 145, 
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times the preceding (root) from the &odhya place. Placing the 
root so far obtained below the bhdjya place the process continues 
as before, 


Bhaskaracharya (b. 1114) gives the rule thus : 


чыг Serre ЧӘ ©, етет ча (її | 

Ча Waar чече теп, тил very (eer wara ü 
dert чач ay энн fedt, ft шетен waw | 
qi aaraa чеч99, df: geç ü 


Translation: The first digit is a ghana’s place, and the two next 
aghana ; and again the rest in like manner. From the last ghana place 
take out the nearest cube, and set down its root apart. By thrice the 
square of that root divide the next (or aghana) place of figures, and 
note the quotient in the line (in which the previous root stands). Sub- 
tract its square multiplied by thrice the last (root) from the next (place) 
and its cube from the succeeding one. Thus the line (in which the 
result is reserved) is the root (figures so far obtained), The operation 
is repeated as necessary ).* 

We have now shown that a method of extracting опре roots which 
is in all essentials the same as the present method has been given by 
the ancient Indian mathematicians from Aryabhata (499 A. D.) 
onwards. It is also clear from the illustrations that have been given 
that the methods of extracting square and cube roots given by the 
Indian mathematicians are particularly meant to apply to the decimal 
place value notation, and are not algebrical in character. Kaye’s asser- 
tion that the methods are algebrical in character is absolutely wrong. It 
appears that Kaye in his zeal to uphold the Arabic origin of the Hindu 
decimal place value notation has deliberately tried to misrepresent the 
Indian mathematicians by giving wrong and absurd translations of 
their rules for the extraction of square and cube roots, for if these rules 
are correctly translated, they show that the decimal place value nota- 
tion was commonly known in. India ав early as 499 A.D., t. в., long 
before the birth of Islim and the Arab nation. 

It has already been pointed out that the ancient Greéks did not 
possess methods for the extraction of square and cube roots in any way 
resembling our present methods, so that, on the evidence at hand, one 


* Bee Oolebrooke, Algebra and Arithmetic from the Sanscrit of Brahmagupta 
und Bhascara, p. 380, 
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is forced to conclude that we are indebted to the ancient Indian mathema 
ticians for our present methods of ertracting square and cube roots, and that 
the methods were well known among the Indian mathematicians about 499 
A.D., and there ts every reason to believe that they were invented much 
earlier, 


Bull, Cal. Math. Soo., XVIII, No. 3 (1927). 
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ON THE STRAIN IN A ROTATING ELLIPTIC OYLINDER 
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N. M. Basu amp H. M. Sunaurra 


(Dacca University) 


When an elastic cylinder is- made to rotate rapidly about its axis 
a state of strain is set up which may be regarded as plane strain if the 
cylinder be sufficiently long and suitable tractions are applied at the 
plane ends to prevent any change in length. When the plane ends 
are free, the length of the cylinder will undergo a change under the 
influence of rotation and in this case the state of strain may be regarded 
ag one of plane strain attended with uniform longitudinal extension. 
Making these assumptions the problem of a rotating circular cylinder 
has been solved * but it appears that the problem of a cylinder whose 
cross section is any other than a circle has not yet been solved. In 
fact the equations are too complicated to admit of easy solution. In the 
present paper the case of the elliptic cylinder has been investigated 
and a solution obtained which represents the state of stress and strain 
fairly accurately when the eccentricity of the cross section of the 
oylinder із small enough. | 


2. Let the axis of the cylinder be taken as the axis of z and 


s=+1 be the equations of the plane ends Let us use the orthogonal 
co-ordinates a, B, y given by 


#=o cosh a cos f, 
y=c sinh a sin 8, 


oxy, 
so that the surfaces o—constant represent a family of cylinders having 


a common axis, vig. the axis of s and their cross-sections are a family 
of confocal ellipses, the distance between the foci being 2c. 


* fee Love's Theory of Elasticity, 2nd edition, Art, 102, 
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If h,,h,, and A, denote the module of transformation, we have 


у) 088)" 


= (cosh 2a — сов 28); 


пе 070807 +0807)" 


== V? (cosh 2a — сов 28); 


n- (CEET 
Thus eem (say) 


4 


= 2 (cosh 2a—cos 28) * -- PE 


3. Adopting Love's notation * and treating the problem as one of 
plain strain together with a uniform extension e along the g-axis, we 
have the following expressions for the components of strain : 


es ch e etus A (z) 


вва =h Sg rtu. 2 (2), 
9yy7—6, 2 (2) 
esa y 70, 
847-0, 
20 x 
‚ Cas = gu ug) + a - J 


‚ * Theory of Elasheity, 2nd edition, р, 64 


P 
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tha, ug and чу (=ey) being the components of displacement normal to 
the surfaces a, 8, and y respectively and u,, tig being independent of y. 
4. I£ f,, Ўв, fy denote the components of acceleration along the 
normals to the surfaces a, 8, y respectively and p denote the density of 
` the material of the oylinder (supposed homogeneous and istropic) and 
A, Gq, Ug, Oy, А, p have their usual meanings, the equations of motion 
are: 


(A+2p)h, QE 22h, 8 9 (3 )+ Qh, hy $ (y )= =pfa, 


(A+2u)h 





E RETE $ (z es (BY) = 


оњ. 9. _ ð A 8 (жу 
A+2a)hs 87 kasus Ba у) ы» a» h, )=əfx- 


Л can be easily verified that in|the present problem A is indepen- 


dent of y while o,=®,=0. Also fy=0, h,=1 and h,=h, =A. 
The third equation is therefore ‘identically satisfied and the firat two 
equations reduce to 


К 8A_ < ROT Oa ду 
лавом ác =~ н. (аве eU) 


8^ 349 (Z =p ( yy B2 að 
and QUAS A (у) mp ( ys —ah BY ) 


t,e., to 
(+2) 95.2, p= -i pws? sinh 24 `. we (8) 
and 02995 -2-2 (%;) =} porot sin 28 - we {4% 


where o denotes the uniform аада1аг velocity of the oylinder, 
5 
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‘If aca, be the equation of the curved surface of the cylinder and 
y= + the equations of the plane ends, the boundary conditions are : 


м — c 
aa=aB=ya=0, when a=a, 


and if the plane ends be free, 
Em! em ~. 
yy=By=ya=0. when у= +L. 
5. In the present problem i 


См = 
By=ya=0, everywhere, 
since 6g y 7644, =Q. 


To obtain the particular solution of the equations (3) and (4) we 
assume in the first instance a solution of the type 


u,=U,/ À 
TOR (5) 


tig Ug f 


where U, involves only a and Ug only ñ. It is clear from the 
equations (2) that under this assumption s—= 0. and accordingly 


a0 
every where. 
We also find - I _ 
À = Caateasteyy 
рне (rci etuer) (з 
— 8 (= 8 He 
and 23,2 pÍ 2 (32). oa 3) ) 


o At (v, sinh 2a — U, sin 28) (7) 
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Substituting these values in the equations (3) and (4) and making 
ase of the relation (1) we have the following two equations after some 
simplifications : 


90 





(+8) [9 Ugy Sis de SO бой 2a) 


—oth* sinh 2a (U, sinh 2a + U, sin 26) ] 





ада O ЖЕ U 
-* [ =( 88 sinh 2a — 2 ‚ cos 28 ) 
—c*h* sin 28 (Us sinh 2a —U, sin 28) ] 
1 Я 
= Tp pesto? sinh 2a, © (8) 


(A+2p) [52 8 g^ + oth a sin 98 + 90, cos 26 ) 





—cth* sin 28 (U, sinh 2a + U, sin 28) | 


+ [ењ ( 20, cosh 2a — 90. sin 28) 


—c*h* sinh Qa(U, sinh да — U, віп 28] 


— potet sin 28 or (9) 
It is easily verified that the above two equations are both 
satisfled by 


U, = A sinh 2a 


and U, А si 28, ` 
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wto? 


; where. Ç À = p 16 (A+ 2h) 


1 


Thus в particular solution of the equations of motion which makes 


УМ АТМ — А А ur 
a B Ву = ya=0 everywhere, is given by i 





IMEEM". sinh A T 
“= ЇВ(А+9р) — À 
x (10) 
L5. poto sin 28 
Hec 160435) — À 


We may superpose on this solution any solution of the equations (2) 
and (3) with their righthand members equated to zero. Such s solution 


which in addition makes the stress-compouents af, By and ya vanish 
everywhere is the aolution given by -—4 


ч. = ВА sinh 2a, 
UE eg s (11) 
and te = — BA віп 28, 


where B is an arbitrary constant. 


Thus combining the two solutions (10) and (11) we find the follow- 
ing results i— =: 








— 2B рос" ‹ 
Ваа =; e 7 6025) (8 cosh 2a + COS 28) 
9 B ш?с% 
ёвв = PC — IL WR (cosh 2a T 8 cos 28) 
de 
Cay = ву. = в.в = 0 


P 
il 
"m 
n 
a 
4 
D 
т 
a 
+ 
% 
X 
ч 
, 
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4, B p'o*c? 


— t*7 AXES) 


ji (cosh 2a-++cos 28) 


аа = AA X 2ue.. 


4B 


2s (+u) +As 





il 


yas I А ar. 
es [ +з cosh да+ (А+) cos 28 | 





HB—XA +2 peg, 
=i (А+ а) Ae 


1 рш?" 
“w Apa [2A +u) cosh 2a + (23+ 3р) cos 28] 





YY=AA +2ре,, 


АВА Aputot 
= A+2 — i: š 
з T (\++2д)в (rp) (cosh асов 28) 


48 = Ву=уа=0 
The bonndary condition 22:0 when a—a, gives 


4B o'i o. 
СЕ (А+ 2) Ae- SAT [(2А++8д) cosh 2a, — (2A-F u) cos 281=0 
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_ "This equation cannot obviously be satisfied by any constant values 

of B and e but if the eccentricity of the cross-section of tne cylinder be 
small, we may neglect the term involving cos 28 and then to a first 
approximation we have 


4B _ l asa 2A+3u _ 
= (Atu) +X g Р® б 5, cosh 2a, =0 we (12) 


It may be noticed that although the normal surface traction as, does 
not vanish, both the force-component as well as the couple-component 
of the resultant surface traction vanishes as can be easily verified by 
working out the three integrals I 


+ 


ая 
x= ^s 
| aa 5, dB 


where p is the shortest distance between the normal at any point of 
the surface and the axis of the oylinder. It will be found that X=Y= 
L=0. 


The boundary condition yy=0 at y= +l (vide Art. 4) is not satisfied 
but the value of the longitudinal extension may be properly adjusted so 
as to make the resultant tractions on the plane ends vanish. This 
requires { 


2r по 7 
( ав P" da—0, 
o o u 
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Substituting the values of yy and h° and effecting the integration, 


we get the equation ` 


4 ВА 


c? 








1 Apwitc?® EN 
+(A+ 2u)e Seon cosh 2a, —0 .. (18) 


Solving tha two equations (12) and (I3) we find 


ot A? ETE 5p" cosh 2a, 


1 
B= oe CC EMT E 
5g °° ** Ne) (SA + 2p) 
(14) 
s=— = po*ot Is бог cosh 2a, 
8 p(8r+ и) 


" Thus the solution of the problem to a first approximation is given 
y 


=B £905 — 1Y y 
u = (BA TAF) K sinh 2a, 
(15) 


us -( Bh4- puru 1 


190424) A sin 28, 


and Uy ey, 


where } ів given by the equation (1) and B'and e by the equations (14), 

Instead of making the resultant longitudinal tension vanish we 
might suppose that the tension is adjusted so that the length is main- 
tained constant. Then we should have 


=0, В= 1 patos ER h 2a, ...(16 
e=0, Be pe с Wp) ta) cosh 2a, ...(16) 


and the resultant tensions which it would be necessary to apply at the 
ends would be given by 





: 2B 1 pwc’ 
=A sinh 2a, TW I6 RT cosh 22, | 
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z | xz poto" sinh dag vs (17) 


, 


Thus the equations (15) give an approximate solution of the problem, 


B and e being determined by the equations (14) when the oylinder 
rotates freely and by the equations (16) when tensions given by (17) 
are applied at the plane ends inorder to maintain the constancy of 
the length. ` 

The components of svress and strain can be easily calculated by sub- 
stituting the proper values of Bande inthe expressions for e,,, ..., 
ал, .. already obtained. 

The above solution representa the state of stress and strain fairly 
accurately at all points which are not too near the boundary. 

It may be noted incidentally that the solution (11) corresponds to 
the problem of the equilibrium of an elliptic cylinder subjected to uni- 
form normal pressure on its curved surface. 

Bull. Cal. Math. Soc., Vol. XVIII, No. 3. 
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ON THE SUMMABILITY (О 1) оғ THE FOURIER SERIES 
OF A FUNOTION AT A POINT WHERE THE 
FUNCTION HAS A DISCONTINUITY 
OF THE SECOND KIND 


BY 


GANESH PRASAD 
(Uneverstty of Calcutta) 


The object of the present paper ів to formulate a-definite answer to 
the question: Does Fejér’s mean tend to a definite limit with in- 
creasing n at в point z,, where the function f(r) associated with the 
Fourier series has a discontinuity of the second kind so that 


Limi{f(eg +)-„/(а„—9в)} —- 


is non-existent Р 

For the sake of simplicity and fixity of ideas, I restrict my dis- 
cussion of the above question to the case in which f(#,+2z)= 
сов (s) where v(z) is monotone’ and tends to infinity with z 
tending to 0. 

Leaving aside the trivial case of у being an odd function of z, it is 
proved that Fejér's mean tends to a definite limit or not, according as 


3 1 
yey = log, 
or nof. ч i Я 
It ів believed that the above result has not been given by/any 
previous writer. ; 
1. The Fourier series of f(z)is, as is well-known, ` 


ec Р 
Ya + (а, cos nz+b, sin па), 
n=l 


where х 


V 


a=} {ro сов nt di, OO 


-r 
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x 
= 1 yo sin n£ dt. 


Thus Fejér's mean 


S,(#) = KTA Hee, DES 








where 
g,2]a,-- 5 (a, оов #246, sin re), 
кау 
is equal to 
1 sin ja (141—272) ) 4 0. 
a sin + (£—«) fuas 
-T 
= 
; 1 віп nz \* c 
ie = | ( E ) (Cer 22) E (a 2:)) ds. 
0 a 
Therefore 
sin nz 
B.) af ( n: у. вов y (2)dz. 
=z\ ( t soe аа ar (S = Joos y (a: 
тт sin $ пт 
0 š m x 
where a is an arbitrarily small quantity si of n. las "a 
Now,. 2034 g Бе 
* 
а 9 Е 3s n ot ra \ 
“f sinne Y 
= \ (ERE ) eos v oae 
a "peel ° 
<l às i.e, Ê oota s 
пт віц? 


ON THE sUMMABILITY (O 1) OF THA FOURIER SERIES 


Therefore, with increasing n, S,(»,) behaves as 


2 \ ( (= bid y сов y (z)da, 





тит Bin z 
0 


Зу" 


0 


C Oa: ф (в) — ов 1, 


`9. Iproceed now to consider the various types of y's. First let 


y (t) = logs. 
The behaviour of S, (»,) depends ‘on 


a 
2 sin nz YŠ 1 
| ( — ) cos log = az 


0 


t.e. CD) сов (2109) ae 


70 


168 


Hence, asn increases, S, (xo) behaves as R cos (21og n+ y), where 


R siny= P. 3! (555) sin (2log ja. 


Therefore it is proved that Lim 8, (#,) is non-existent. 
= осо 
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‘Case: w(z)- log 1. 
8, Choose a quantity є which equals 9 where О is a large 
quantity independent of n, so that 
O¢eca _ 


Now 
a 
2 \ (== y eos Y (в) dse=I-+1, where 
nr 3- j 
0 
2 Bin nz 
nef ( ) cos № (z) dz, 
тт 
б 2 
a 
I= EJ \ (E) cosy (е) dz. 
тт 2 
0 < 
But 


+ б | "Y 
je | (A os of 2 a0 
0 Я 


ll 
зро 
v 
° _ 2 
P mE. 
| 
D 
А 
@ 
= 
Pas, 
І 
— 
& 





+ 
3 |to 
c 
”" — 
m. 

| Ms 
І Ф 
“ме 
ю 

«X. 
ч 
las 

& 


where 0 < e, < O and e, is independent of n and can be chosen to be 
as small as we please. = 
Therefore the first partofl, is negligible and Т, behaves as 


уе) а 


a 


ON THE BUMMABILITY ‘(co 1):ОР THE FOURIER SERIES 


© 
ia a = | (59 ° сов (U —V^dð, 
т 0 
where 
«(2 ) = Ú—v, 


But 
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4, Oonsider I, which is numerically less than 


Then | 1, | < ES . But О can be chosen-beforehand’ to be as-large 


as we please. Therefore I, may be neglected in considering the 
behaviour of S,(z,). Thus it is proved that 8,(2,) behaves as 


сов { y ( = ) ) and therefore Lim 8,(#,):is non-existent. 


~- fe оо 


1 


z$ 


Casa: V (ғ) > log 


5. In order to consider this case, I shall apply the following result 
given by Prof. W. H. Young:* The derived series of the Fourier series 
of a function F(.2) converges (О 1) at a point a,, if one of the derivates 
of (т) is known to be bounded in s neighbourhood of r, and ^ | 


Lim F(s,4-h)—F(s,—h) 
h=0 PI | 


exists ; the sum of the derived series is this limit. 
Now let us take F(a) to be 


o 


\ f ч) di. 
0 


Then the Fourier geries of F(z) is 


1А, + 5 (A, сов nz+ B, sin na), 
n= 


* '' On the convergence of the derived series of Fourier series " Proceedings 
of the London Mathematical Sooiety, Series 3, Vol. 17, 1918, p. 280. 


ON THE SUMMABILITY (О 1) OF THE FOURIER SERIES 


where 
A, = i [en 
т 

5 —— 

__ 1 i = 5. 

= f (t) sin nt d= = 

ы 

and 


В,= i \ F(») sin nr de 
т 


—* 


alr й+ ipe nt dt 


—* £o - ' < mg ' 


goto e +%= 
n on 


Therefore the Fourier series of F(z) is 


3 Á, + 5 1 (а, віп na —b, cos nz) 
n=l ? 


“4S oe 
1 


sin nr. 





Thus the Fourier series of the function 


G (в) = F(a) — fot — ЗА, 





s | : 
= — (a, sin nz—b, cos nz) 
ne] ” 
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and therefore the derived series of the Fourier series of G(x) is 


се " 
= (a, сов 924-6, sinine). 
nl 


6. But it has been proved* by шө that F'(x) exists even at the 
point of discontinuisy ғ, of f (а) and equals 0. Therefore 


Lim (о +h) —G(2, №) 
h=0 2h 


exists and equals —ja,. In the neighbourhood of x,, G/(x) being 
f(~)—ja, is bounded. Therefore the derived series of the Fourier 
series of Q (z) converges (C 1) at +, to —$a,; hence the Fourier 
series of f(z) converges (C 1) at 7, to 0. 


* Bee Vol. 16 of this Bullet. 
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ON THE DIVISION OF THE LEMNISCATE INTO 
NINE EQUAL PARTS 


BY 
S. C. Mitra 


The object of the preserit note is to find the values of 


Snt ; §n Bk, , ote., 


when the modulus k is өдпа] іо i. As is well known, the problem of 
the division* of the arc of the lemniscate into nine equal parts is solved 
when the aforesaid values are known. 


Let us suppose 





S zm, Sn“ жов», SÉE шу, and Sn Е. 
Also let 


eel bates tse. 

y=8 e +8283 +s s A +4242 Te) +5545. 
ka 293 m Ж 

zme ps 0g ts passe Hee sr ooa. 


wE e gag. 


* By a method similar to that given in this paper Dr. Paul Mayer solved the 
problem of the division of the lemniscate into seven equal parts. See his doctorate 
dissertation “Ueber BSiebenteilung der Lemniscate” (Strassburg, 1000) The 
division into' nire equal parte is of'interelit as this is after Mayer’s саве tho simplest 
onse of a division- which cainot Be performed by ruler and compass alone. 
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Then s, 32,83, «2 are the roots of the equatiou 


X*—oX? фух —7X+w=0. 
Now 


g 12K 


n = ga 2E pa 
E 3 ' 


and its value is known from the division of the lemuiscate into three 
equal parts. Í 


Let us therefore write 


Sn’ 


рес =a 
and g =8 +a +5. i КОА кү 
y =s +962 +8261. 


=s agga 
s =8/s2s2 


so that  z,*, s,", 52 can be obtained from the solution of a cubic 


equation. ма 
We know that 
- (1) en(utv) sn(z—t) = iun ume . „т: 


l—Ek*sn*usn?o — 


спец on*o — kn? u em? o 
Tete mardi tee 





(8) ds(u-F v) dn(u—v)= dn*u da*v--k*X?sn'u ante 
š l—k*sn?*usn!o 
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Let us put k! = —1 and substitute for u and v in (2) and (3) the 
following values in succession : 


„— 8K. 12K 18K 12K 16K 16K 
p^ 9; up" 9 9° 9“ 





By making use of the equations (1), (2) and (3) we then get the 
following equations : И 


$, = (1—2) (1—8) (14828,8) 8 — (1—8Y 35—628, ) 0. 
$,—(1—5,)(1—52 (1-252)? ics -8 —as2 j* —0. 
$m e! pae, аал адре 0. 
aaa esed? — (1L? 80 0р0. 
b= (1—e,t)(1—#2)(1+a8,1)*—{1-a—st —a5)* =0. 
$,—(1—a)(1—52) (1 +8383 )*—{l—s 2 —s 2 sa }* =0. 
V, mL Hoa) 4-52) (0-552)? — (18-52 t! 5) 0. 
y, (14-5 (1-52 )(L 25 )? — (19 Fab 52 —as à ]* —0. 
pSt o entr — dent ennt? 1-0. 
um bs) Là aes)! {lats —as }*=0. 
баа) Hetl Len ba cat D. 


EO 
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= 


(4) 


(5) 


(6) 


(7) 


(9) 


ї8..0, MITRA 


—6(a? +a t Hst Фар) Geta. teed tele asi 


+аз з + asg) +12as 33,332 +4a(8 tst +3003 +s) 
+2Ía(s s 5,684 Hoos rat (sto A +o 28 tog 
+s? a t))]=0. 

paths toe tls thst, 


= —6a* —22,°+6y, +-4ar, +12a2, +202, 2, 2-0 


—$,—4,—94,.-FV,- EV, +V, 

= ree + Фаз 4-285 0, y: —6a%z, —0. 

alpi thithi mht) + tb OAD DD 

+V, + +ф ty RUM HR.) 

== —1да* —6бл 8 + 18y, +1245, —40%y, —2а*у 2 +2402, 
—4a0,y tka 0,2, 


=0. 


Я 


233g (by the) ee (0, ts) boo (b. +U.) 

—2y ? +1022, — 02,2, +4ay,2, Абаз з баву 

=0. 
stes (vs — bs) ters? (рф) +8782 (р, — bs) 
=—#ay, —182, — 22, y, +1249, 122,2, Aa ys, 
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» 


All these equations are satisfied by the following values-of z, and y,, 
as can be seen by actual substitution : - E 


(10) 2, =a*s, +2a. 
(11) y,=a*—2az,. 
The values of a are given by 
(12) a*+6a*—3=0. 
Again, by forming the product of y, Ya, Ya, we have, 
(3a)*(l £e, c y, +2, )(l+yi+4,2,+2,°)° 
(13) = {1+20,—4:, +2y,6, — y! Fo! ғә) 
Substituting for a, and y,, the equation becomes 
(1+a)*{(1+a)*+(1~a)?s,}(1+a*)*(1+2,%)* 
(14) -—((1—a*-F4a-F 4a?) --4(2a? +at—1)s, 
— (14-424 4a? —a*)s*]*. 


Expanding and neglecting a common factor s,, the equation reduces 
to the quartic equation 


1 a 
(15) at +608 4820 КАЗЫ, —3=0. 


From (10), (11) and (15) we oan get z,, y, and z, and we can 
solve the cubic equation 


(16) K8—2,X*+y,X—z,=0, 


whose roots are ғ,2, s£ and ғ. 
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a. The biquadratic equation has got one positive root ущ between 0 
and $, where i : 


a= + (@ 8—8). 


With this value of z,, we easily see that., and y, are positive 
. quantities and the cubic equation (16) has got all its roots positive 
and real, and these are consequently the values of 


gas SE, ga. SK and Sn a. 


In conclusion I wish to express my indebtedness to Prof. Ganesh 
Prasad, D.8c., who kindly suggested the investigation to me and took 
great interest in the preparation of the paper. 


Bull Cal. Math. Soo.; Vol. XVIII, 1927, No. 4 -- > ` 
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EARLY HISTORY OF THE ARITHMETIC OF ZERO AND 
` INFINITY IN INDIA 


E E a E ... Втвноттвнован Darra. 
(University of Caleutta) 
y 057 > : = Introductory. ^ 


The [arithmetie of zero is entirely the Hindu contribution to the 
development of the mathematical science. With no other early nations 
do we find any treatment of zero.* In в former paper, t I have shown 
that the zero was well known to the Brahmapas of India in the second 
century B.C. The date of its actual invention must be put a few 
centuries earlier. Further an instance of the existence of zero has been 
traced even in the Atharvaveda, In certain Babylonian records of about 
200 B.C., we find the use of a character to denote the absence of а 
member.f But. that did not form the basis of their system of numera- 
tion as does the Hindu zero. The Mayas of Central America had a 
system of recording dates (on the scale of 20, except in one step), in 
which they used a symbol for the zero. But the system was not used for 


+ This fact deserves the most careful consideration of those who claim а non. 

Hindu origin for our-modern system of numerals. . | OSEE ` 
. t Bibhutibhugan. Datis, ." Early literary evidence of the use of the xero in 

Indis," American Math. Monthly, Vol. 88, 1926, pp. 440-454. l 

t It should be noted that though we possess records of the Babylonian sexa: 
gesimal notation dating from as early as 2400-1600 B.O., it ia only in the records of 
about 200 B.C, that we find a symbol for the absence of a figure, The Hindus 
also had а symbol fer rero, near about the ваше time, if not earlier Во it will bé 
futile to suggest, ns has been done by Professor Florian Oajori (History of Mathematics; 
New York, 1922, p. 88), that there is a Babylonian influence in the Hindu system 
of decimal numeration. Therefore his name “ Babylonic-Hindu” for the modern 
place value system of decimal notation will be as much в misnomer as the present 
“ Arabio” or “ Hindu-Arabic” ia. It should be properly called simply “ Hindu". ` . 
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purposes of ordinary computation. Nor does the earliest of these records 
is known to date from much before the beginning of the Christian 
er&* Thus for our modern conception of zero and for its use in a fully 
developed and highly ingeneous system of decimal notation entirely 
hinging upon it, the world is indebted to the Hindus. Hence it will 
be natural to expect to find the earliest instances of treatment of zero 
amongst them. All the known mathematical treatises of the Hindus, 
with the single exception of the treatise of Aryabhata (born 476 A.D.), 
have в section devoted to the subject under consideration. The Hindus 
speak of all the fundamental arithmetical operations in relation to 
zero. And except in the case of division of a finite quantity by zero, 
all the results were correctly obtained from the beginnirg. The 
quotient of division by zero, has been correctly stated for the first time 
by Bhäskarācārya (born 1114 A.D.'. 


It should be observed that almost all the Hindu mathematicians 
have mentioned separately of operations with sero and by zero. 


Dafinition of Zero. 


It has been stated by Brahmagupta (628 A.D.) that the sum of two 
equal and opposite quantities is zero (&inya).t 


(+a)+(—a)=0, or _a—a=0. 


The same statement Has been repeated by all the successive Hindu 
mathematicians. , In this sense zero signifies the absence of a quantity— 
nothing. A similar definition of zero was given in the ninétednth- 
century by Martin Ohm of Berlin (1828) and Wolfang Bolyai de. 
Bolya of Hungary (18392). Most of tho commentators of Bhiskara’ 
define zero as abháva, which literally means ‘ want огрЬвепсе’, meaning 
of course the. absence :of.a.quantity, 


When defined in this way, zero cannot either operate upon 8 
quantity or be operated upon. Бог] operations imply thé existence 
of the quantities concerned. This idea is fully borne out by a certain 


a  Oajori, loc. cits, р. 69. 

+ Brahma-sphufa-siddhdnia, ed. Sudhakara Dvivedi, Benares, 1902, ch. xviii, 
verre 81. 

-£ For these: and. other references to the history of operations with zero in 
Europe, I-am indebted to the paper of Mr. Н G. Romig, “ Early History of Division 
by Zero? in:the. American Math, Monthly, Vol. 81, 1924, рр. 887-9. 
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remark of Кгівра (1575). In giving a proof of multiplication of zero, 
he says: “In fact multiplidétion is repétition: and if there be nothing 
to be repeated, what should the multiplicator repeat, however great it 
beP”* Hence truly speaking the expressions Oxa, O/a and а/0 are 
meaningless, 

It is, however, possible to assign certain meanings to those symbols. 
For this purpose zero is given a significance different from absolute 
nothing. It is conóeivéd as the limiting valué of a continuously decreas- 
ing sequence. Thus according to Krigpa aa well us Ganesa (1545) “ the 
utmost diminution of a quantity is the samé with the reduction of it to 
nothing.” This definition of zero is further. confirmed by Rahganátha 
(1602: who considers the zero to be a quantity in the utmost degree 
small In this way zéro.is, indeed, defined as gn infinitesimal, And 
this is our modern conception of zero. 

If regarded .as absolute nothing zero cannot be called & number. 
Thus John Wallis (1657) aüd. Bishop Berkeley (1707). declare zero 
to be no nümber. Ой thè other hand the Hindu mathenisticians 
consider it to bó а number; This has béem particularly’ specified by 
Nrisipha (1621) who declares that‘ though thé cipher (émiya) ів 
the blank (4bhdva)/ it denotes a nümber and is theréfore inolided 
amongst the numéralà" f In 850. AD, Mahaviradarya calls it a 
samkhya (number) in the same sense as he calls the nine sighificint 
figures 1 to 9.f 

Up to this timè We havé confinéd oüursélvés to the mathematical 
treatises only. Some of the definitions of zero found in earlier non- 
mathematical works are very succint and accurate, even according to 
our modern conception. In the Atharvaveda, the zero is called ksudra 
(trifling). In #6: Amarakega; & roted Sanskrit leticon of the 5th 
century A. D., it is called tuocha (insignificant, negligible), in addition 
to abhdva (blank). asampürga (incomplete) and na (less). 

It has been remarked by Krigpa that “ Oipher is neither positive 
nor negative: ib is therefore exhibited with po distinction of sign, 
No difference arises from the reversing of it and none is here 
shown.” ` 


* Henry T. Oolebrooke, Algebra with Arithmetic and Mensuration from the 
Sanscrit of Brahmagupta and Bhascara, London, 1817, p. 187, tootnote 2, 

+ Vide Siddhania-Stromani, edited by Muralidhars Jha with MuniSvara's Marici 
aid Nrisimha’s Vásand-vártika, Benares, 1917, p. 89. 

t Mahavirtcarya; Ganita-sara-Saggraha; edited and translated into English by 
M. Rengacarys, Madras, 1912, Sanskrit Text, p. 7. 1 
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Addition und Subtraction. 


The addition and subtraction of the zero are first found incidentally 
` mentioned in Varáhamihira's astronomical treatise, Pafíca-siddhantikà 
(505 A.D.).* 

a+0=a. 


And they have been restated in all the succeeding mathematical 
treatises of India., 


Brahmagupta (628 A.D.) and Bhaskara (b. 1114 A.D.) have noted 
* the changes of sign, if any, in the course of the operations. Thus 


(+a)+0= +a; O+(+a)= +a; 
0+0=0; 0— (+) = Ға 


None of these resalts, probably except the last, requires any demons- 
tration. About the last result, Krigna (1575 A.D.) remarks that sub- 
traction diminishes a quantity by so much as is the amount of the 
aubtrahend ; if the quantity be reduced, the result of the subtraction is 
diminished accordingly: if reduced to nought, the result is diminished 

. to its greatest degree: the amount of the subtrahend with the sign 
changed.t 


Multiplication, Involution and Evolution. 


The multiplication of cipher is found correctly stated in the works 
of all Indian mathematicians from Brahmagupta (628 A.D.) onwards: 


Ox (+) =0; (+а) х0=0; 0х0=0. 


The proof has been supplied in the following words by the eminent 
mathematician Ganefa (1545 A D.) in his commentary on Bhaskara’s 
lilüvati. ‘Hach time the multiplier is diminished by unity, the 

: product is diminished by an amount equal to the multiplicand. So in 
the extreme for a number multiplied by the zero, the product will be 
diminished by itself, ie., itis zero.” Obviously here Ganega assumes 
the multiplicator to have been an integer to begin with; so that on 
repeatedly subtracting unity from it, it will be reduced ultimately to 


* Pafica-siddhantika, edited with English translation and Saoskrit commentary 
by G. Thibaut and Sudhakara Dvivedi, Benares, 1899, ch. VIII, verses 2, 17; iv. 7, 8, 
1), 12; xviii 85, 44, 45. cf. Bibhutibhusan Datta, loc, cit., p 452, 

f Colebrooke, loc. cit, p. 136, fn. 4. . 
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‘the zero. The proof of Krigna, though substentially similar, is free 
from all such limitations. “ The more the multiplicand is diminished, 
the smaller is the product; and if it be reduced in the utmost degree, 
the product is so likewise: now the utmost diminution of a quantity is 
“the same with the reduction of it to nothing: therefore, if the multi. 
plicand be nought, the product is cipher. In like manner, as the 
multiplier decreases, so does the product; and, if the multiplier be 
nought, the product is во too.” # 

Brahmagupta states the dais of the square and square root of the 
zero; Bhüskara adds the спре and cube root as well. 


03 —0; 0*—0; V0=0; №00, 


The quotient of division of the zero by a finite quantity has been 
correctly given by all the writers: 


—=0. 


a 


Krigna says : “ If the dividend be diminished, the quotient is reduced 
and if the dividend be reduced to nought, the quotient becomes 
cipher.” 

In the case of доа. by zero, most of the early writers have 
stumbled and failed to give the quotient correctly for several centuries. 
It has been so in the Occident as in the Orient. - 

The first writer to speak of division by zero is Brahmagupta (628 
A.D.) Sridhara (о. 750 A.D.) and Aryabhata II (o. 950 A.D.) do not 
mention of division by zero. Маһауїга (о. 850 A.D.) has only an 
incorrect result: “ that (number) remains unchanged when it is 
divided by zero.”t Probably he interprets that a division by zero, 
which is nothing, is no division at all. 

It has been stated by Brahmagupta that “cipher, divided by 
cipher, is nought ” but a “ positive or negative (quantity), divided by 
cipher is taccheda.”{ Now, tacoheda is a technical term which literally 
means ‘ having that for denominator’; having in this instance cipher 


* Oolebrooke, loo, cit., p. 187, fn. 2. 
+ Ganite-sdra-Saggraha, Ob. i, verse 49. | 
. T Brahma-sphuta-stddhanta, Oh. xviii, verse 85. 
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(kha) as denominator, it is equivalent to, and has been obviously 
mesnt- for, kha-cheda. Thus, according to Brahmagupta 


0 o. +a uu. 
g= = =kha-cheda. 


The first result is wrong; Tor the value of 0/0 is indeterminate, not 
zero. Пһавкага nowhere expressly mentions of the division of zero by 
zero; nor do Sridhara, Mabivira and Aryabhaja II. It, however, 
appears from the writings of Вһазката that he considers the quotient 
to be different from what has been stated by Brahmagupta. 

Besides giving а special technical name, Brahmagupta does not 
state what will be the true arithmetical value of the quotient а--0. 
The necessity for anew special nomenclature, however, abundantly 
testifies that he must have been aware of its possessing certain attribute 
which is not posseased by an ordinarily known number. The true 
value is found first in the works of Bhaskara who calls the quotient 
by an alike technical name Kha-hara. “A finite quantity, divided by 
cipher, is kha-hara," says Bhüskara.* The value of Aha-hara is given 
as infinite (anantara&i),t 

“ As much as the divisor is diminished," says Krisna, “ so much 
is the quotient raised. If the divisor be reduced to the utmost, the 
quotient is to the utmost increased, But, if it can be specified that the 
amount of the quotient is so much, it has not been raised to the ut- 
most-:-for a quantity greater than that can be assigned The quotient 
is indefinitely great, and isrightly termed infinite." Raüganütha 
gives à similar proof. 

Ata Ulla Hashidi, an Indian Mobammedan who translated Bhis- 
kara's VijagaT4ta into Persian in 1634, thinks it impossible to divide 
g finite quantity by zero. “If the dividend is cipher and the divisor 


. 


* Oompare [112000 : " Kha-bhajito тає kha-bara ву; Vijagagita: “ Kha- 
haro bhayet khena bhaktaéca rai." | 
' Qheda--harashüra- denominaton; hence the terms of Brahmagupta and Bhás- 
kara are practically the same, The later has been admittedly influenced by the 
former, in writing his mathematical and astronomioa) treatises. 

+ Vijaganito, ed. Sudhekara Dvivedi, Benares, 1888, pp. 6-7. 

£ An account of this translation hag been published by Edward Strachey as 
Brja-Ganita (London. 1818); this translation “does not in itself afford a correct j 
idea of its original, ая a-translation should do; for it ів an undistinguished mixture 
of text and commentary, aud in some places it even refers to Euclid.” It сап, 
however, be taken as fairly representing the knowledge of the Persians on the 
subject under discussion, for Ata Ulla Rashidi was certainly well acquainted with 
the Persian mathematical treatises. Strachey’s account ia ' partly litera) tranala- 
tion, partly abstract " and partly in his own words, ` 
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number the quotient will be cipher. For example if же .divide 
cipher by 3, the quotient will be cipher, for multiplying it by the 
divisor the product will be the dividend, which is cipher and if ‘a 
number is the diyidend and cipher «the divisor, the ‘division is 
impossible; for by whatever number-we multiply the divisor, it will 
not arrive at the dividend, because it will always be cipher ”# 

With the above may be compared the remark of Martin Ohm (1828 
A.D., who says that “if a is not zero, but b is zero, then the quotient 
a/b has no meaning ;" for the quotient “ multiplied ‘by zero gives only 
zero and not а, as long as a ів not zero.”{ Apparently Martin Ohm 
thinks, like Brahmagupta, that 0/0=0, whioh is wrong. According to 
Wolfang Bolyai.de Bolya (1882 A.D.), '' 1/0 is an impossible quantity," 
but he considers that "if: tenis towards 0, then 1/s tends-towards 
infinity,"l. 


Evaluation of a x 04-0. 


There is a certain passage in Bhüskara's Lilavati, of which the true 
significance is not quite clear. Bhaskara seys,“ When а number ів 
multiplied by cipher, the product is cipher; but in case any operation 
remains to be done, cipher is merely conceived to be multiplier ; for 
when cipher is the multiplier, and cipher also becomes the divisor the 
number is considered unchanged.”§ Thus according to him 


ax0=0; 
bat — | (ax0)+0=a. 
There is also an instance of the kind 
(а--0)хб=а. 


Apparently these last two are expressions are of the type 0/0 and oo x 0, 
which are indeterminate, not equal to a finite quantity as has been 
assumed -by Bbáskara. Thus they appear to be cases of confusion and 
blunder on the part of their author. But.it shonld be pointed out that 


* Strachey, loc. cit, pp. 4-5. This passage ів а correct literal rendering of 
Bashidi's Persian original. ` 

+ Martin Ohm, Lehrbuok der nisdern Analysis, Vol. I, -Berlin, 1828, pp. 110, 
112; Der Geist der Differential-und Integral-Rechnung, Erlangen, 1840, pp. 18, 
16, 

f Wolfang Bolyai de Bolya, Tentamen, 2nd ed., Vol. I, Budapest, 1897. $ 32, p. 
45; § 21, pp. 86, 91. 

§ Lil&vati, translated by John Taylor, Bombay, 1816, p. 29. 
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in proceeding to such a conclusion, we perform certain intermediate 
operations, viz, ax0=0 and а/0=осо, which Bhaskara admits to be 
correct and justified when considered apart, but which he has parti- 
ошату warned us not to make in cases like the above. Bhaskara’s 
commentatora do not seem to have better understood the proper signi- 
ficance of the passage in question. The most eminent of them, Ganega, 
failed to bring more light to bear upon it, “Similarly, if cipher be- 
come the multiplier of a number, should there be further operations 
(to be done), then it should not be performed that a number multiplied 
by cipher is zero; but cipher should be set down by the side of that 
(т.е, the multiplicant) as a multiplier. “Then if in performing the 
subsequent operations, cipher happens to become a divisor, then the 
multiplier cipher and the divisor cipher, being equal, should be can- 
celled. Otherwise a number multiplied and divided by cipher will be 
equal to zero.” * Obviously he had in mind an operation of the kind 


(aXe)+e=a, 


where e is a small quantity of higher order which tends towards the 
limiting value. Taylor is of the same opinion. 


Like the term kha-hara for the quotient a+0, Bhaskara has a spe- 
cial technical term for the product a x0, namely, kha-guma, which 
literally means “ that which has cipher as multiplier.” Ordinarily the 
value of the product is zero, but (kha-guna)/0 is a finite quantity, 
Similarly (kha-hara) х 0 is a finite quantity, 

In the passage referred to, Bhšskara seems to have in mind to 
assign a meaning to the expressions of the forms 0/0 and oo/0. 
We have seen that the first expression is considered to be equivalent to 
zero by Brahmagupta.  Bháüskara seems to have in mind to correct 
that statemert of Brahmagupte and say that 0/0 as well as oo x O may 
stand for any finite quantity. If this surmise be true, which appears 
to be very likely so, here is the first attempt to assign meanings 
to expressions of those types. After all, however, it will have to 
be admitted that the choice of language has not been happy and 
onambiguous. 

In the opinion of Bapu Deva Sastri, the rule indicates a method 
of finding the true limiting values of certain functions (defined by a 
chain of successive operations) which involve the independent variable 


* Ganeéa seems to be of the same opinion as Brahmagupta that 0/0—0. 
+ loc. ctt., p. 80, footnote B. 
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in such a way as to lead to the one or the other of those indeterminate 
forms for 8 particular value of the variable.* 

Though the true significance ofthe passage in question is not free 
from ambiguity, there is, however, no doubt about the fact that Bhás- 
kara attached much importance to the principle underlying the same. 
For it has been remarked by him that that method of calculation is of 
much assistance in mathematical astronomy.f  Bhüskara's mathemati- 
cal treatises contain three illustrative examples. In our modern 
symbolism, they will be put in the following forms. 


(4) ( zxQ-+4 =>) x3 
0 =68, 


ог (^42) x 3=63, 


or $—14. 


(st) (5 +0) + ($59) | x0=90, 


at, æ e" 
or ( 00) х0=90, 
от a! 4 2—0, 
or в 9. 
e», * z a 
(її) [ i a+ i) xo} +2х {( et) xo) 1+0=15, 
ог Зе x 07+ 92 x0 )+0= 15, 
or 9.5? +62=—60, 
=. 


* Bapu Deva Sastri, Vijagamta (in Hindi), Part I. Benares, 1875, p. 179 
ві. 8q. 


+ 1418088, “ asya gapitasys grahagapite mahanupsyoga,” 
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Misapprehension.cleared. 


Thibaut is of opinion that the true arithmetical value of the quotient 
а[0 was hob known to Bhüskara, The passage which is commonly found 
in all the available manuscripts of Bháskara's Vijagazita and wherein 
ihe quotient has been expressly stated to be infinite ;(ananta-raa), 
is supposed by him to be an interpolation of certain commenütator.* 
This misapprehension of Thibaut is also shared by D. Е. Smith.t None 
of them have adducéd any proof in support of their supposition. 
The passage in question occurs in the oldest known commentary of 
Bhüskara's Vijagamita and was known to his other commentators. 
Again immediately following that passáge, it has been clearly stated 
by the author that the quotient а/0 is comparable only with the Infinite 
God. This comparison would not have any force, if the true value of 
a/0 had not been infinite in the estimation of Bháskara. A little 
further on Bhaskara has applied the principle underlying this latter 
statement in working out a specific example [Ex., # given above]. 
All these facts prove clearly and sufficiently that Bhüskara knew 
the value of, the quotient а/0 to be infinite. Western historians of 
mathematics, Buch &s Cantor, Hankel, and Fink and oriental scholars 
like Taylor, Colebrooke, Sudhakara Dvivedi, and Bapu Deva Sastri 
are of the same opinion. 


Infinity. 


_We have already seen that, in Sanskrit, one of the terms for infinity 
ig kha-hara, because it is, as the result of the division of a finite 
quantity by zero, that we get the idea of a quantity of infinite magnitude 
in muthematics. Thus 


Infinity = o" „в == 0. 


This is, indeed, no formal definition of infinity. It is only & conven. 
tion to give an idea of infinity by referring to one of its properties, 
We have seen that the expression kha-cheda; which is the same as 
kha-hara, existed from the time of Brahmagupta. But it was 
Bhaskara who first rightly attributed a property to that term. Now 


* б. Thibaut, Astronomie, Astrologié und Mathematic, Strasbourg, 1899; p. 72. 
+ David Eugene Smith, History of Mathematics, Vol. I, Boston, 1928, pp. 277.8. 
£ Colebrooke, Loc, cit’, р: 218+ 
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this is exactly the modern convention regarding infinity. Burkhardt 
says: “In addition to the complex numbers and their symbols already 
introduced, we introduce now а new one, ‘infinity,’ with the symbol оо, 
which is to be regarded as the result of the division 1/0.” * It will 
be interesting to know in this connection that about the propriety of 
this convention of regarding infinity there has been carried on in recent 
years a heated controversy by some distinguished professors of mathe- 
matios in the pages of the American Mathematical Monthly. 


The classical methed of defining infinity is to regard it as the 
limiting value of a gradually increasing sequence. Іо а work of about 
300 B.O., infinity (ananta) is described as a number as great as the 
number of grains of sand on the brink of all the rivers on the 
earth ог the drops of water in the осеалв. In another work we get 
things far more interesting and valuable. It is said that a number 
which will be regarded as infinite (ananta) in relation to something, 
may be small (anta, literally finite) in relation to another.§ Or again 
a number may be divided into infinite parts, each of which can be again 
subdivided infinitely. Thus we get that finite and infinite are only 
relative terms. —— PC 

Bhaskara says that infinity remains unáffected by the addition or 
subtraction of a finite quantity however large. `“ 


where a and В are finite. The proof adduced by him depends more 
upon the theological beliefs of the Hindus than upon any arithmetical 
reasoning. “In this quantity,” says Bháskara, “consisting of that 
which has cipher for its divisor, there is no alteration, though many 
be inserted or extracted; ав no change takes place in the infinite and 


* Burkhardt, Theory of Functions of a Comples Variable, translated by Rasor. 


+ Compare American Math, Monthly, 1922, p. 208; 1928, pp. 255,884, 1924, 
p. 883. 


f The Kalpa Sutra and Nava Tattva, English translation by J. Stevenson, London, 
1848, p. 16. 
$. Uttarddhydyanastitra; it is published in original by J. Oharpentior, Upsala, 
1922, and in English translation by H. Jacobi (Gaina Sutras, В. B. B., Oxford, 1895), 
vide original xxii, 17, 24; trans. pp. 195-6. This work is one of the Mülasütras of 
the Jainas and is believed to have been composed about 800 Н.О, 
B 


т 
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immutable God, at the period of the destruction or creation of worlds, 
thongh numerous orders of beings are absorbed or put forth.” * 

> The first true mathematical-proof of the above comes from Ganega 
Krigna observes: “This fraction (kha-hara) indicating an infinite 
quantity, is unaltered by addition or subtraction of a finite quuntity. 
For, in reducing the quantities to a common denominator, both the 
numerator and denominator of the finite quantity, being multiplied by 
cipher, become nought: and a quantity is unaltered by addition or 
subtraction of nought. The numerator of the infinite fraction may 
indeed be yaried by the addition or subtraction of a finite quantity, and 
so it may be that of another infinite fraction: but whether the 
finite numerator of a fraction, whose denominator is cipher be more or 
less, the quotient of its division by cipher is alike infinite.” t 


a,b a x0_a+0_a 
01279201500 ^O 


b/c being finite. Again 
b ab . p. 
+ 0 =F =iİnfiuite. 
This last result is incorrect for it is truly indeterminate. 
* Oolebrooke, loc, cit., p. 188. 


+ bid, p. 187, footnote 5. ; 
Bull. Cal. Math, Soc., Vol. XVIII, 1927, No. 4. 
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ON THE SUMMABILITY (Ol) or THE LEGENDRE SERIES 
OF A FUNOTION AT A POINT WHERE THE FUNOTION 
HAS A DISOONTINUITY OF THE SECOND KIND. 


BY 
GANESH PRASAD. 


(University of Oalcutta.) 


* The chief object of the present paper is to formulate a definite 
answer to the question: * Does Fejér's mean always converge, with 
increasing s,in the case of the Legendre series of a function when the 
Fejér’s mean of the Fourier series of the same function converges? I 
show by examples that the answer is in the negative. 


It is believed that this difference in the convergenee properties of 
the two series was not noticed by any previous writer. 


I consider also the behaviour of Fejér’s mean at a point of disconti- 
nuity of the second kind of the function at some length as I have done 
in my paper relating to Fourier series.t 

So much has been written on' the subject of the Legendre series that 
Ioan safely take for granted certain results as well-known.f Thus, the 


* In the abstract of Prof. W. H. Young's paper, “On the connexion between 
Legendre series and Fourier series,” it is atated that "if Oes&ro convergence be 
considered instead of ordinary convergence, corresponding results hold mutatis 
mutandi. Thus, for example, in the case of Legendre series, the Oesáro convergence 
properties are the same as those of Fourier series” (Proc. L. M 8., Vol. 17, p. XI). 
It is very likely that, in making this statement, Prof. Young had in his mind only 
continuous functions and those having ordinary discontinuities. The paper is 
published in Vol. 18 of the Proceedings but does not treat the case of Oesáro conver- 
gence explicitly. 

+ See No. 8 of this volume of the Bulletin. 

T See e.g., Hobson’s papers in Vols. 6 and 7 of the Proc. L. M. 8., Ser, 2, 
Gronwall’s papers in Vols. 74 and 75 of the Math, Ann. and Haar’s papers in Rendi- 
conti del Circolo Mat. di Palermo, Vol. 82 and Math, Ann., Vol. 78, 
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Fejér's mean S, (z) of any series Zu, (=) being 


1 a 
paced —v+1)u,, 
n+l = Orta, 


for the Legendre series of f(æ), ?.e., the series 


1 
š a Tee | P. (n) f (a) dp, 


“L 


S. (æ) is 
1 1 
б o, d 
а (z, p)dp, 
where О, (2, p) denotes 
S (n—v- 1) (2v-1)P (2)P, n). 
yao 


Another result which is known is, that for an absolutely integrable 
function the behaviour of Š, (z) at a point z, inside the ititerval (—1, Í) 
depends only on the values of f(z) in à neighbourhood of +, as small 
as wë please, so that for the purpose of this paper we need only consider 
the behaviour of 


1 Bote 
э) J(a)Q, (zo, w)dp, 


mo — e 


where eis an arbitrarily small quantity greater than 0. | 


Throughout this paper, u—cos 0, »=cos ф, &, =cos ф, and x(s) and 
y (s) are monotone functions which tend to infinity as z tends to 0. 


1. I first proceed to prove that S,(60s ф,) behaves ds 


1 | ein ttUe ообо фа} e оова фо) ds 


т 
Proof. Since 


5 (9-1) P, (a) P (ы) (n1) Peta CP GO PAP isa) 


yzo amp 
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D, (2, p) E (n4-1) EQ Т)Р,(ә)Р, (и) – Er DP, GP. () 





con Pe GIP (aP CP. (2 


— E vOre3;P GP. QD. 


Now it can be shown that (2v--l)P, (х)Р›(ы) is numerically less 
than a finite Quantity D for every value of v; hence 





EHE DP (P (u) 





<D Sv, te., Dn, 
eua 


E 


Therefore the part of 


g +e 
1 
3l | FAR, (2,, іш 


29—«6 
due to s= v(2v--1)P,t2,)P,(«) is numerically less than 
w=] 


ote 
v | F(p) | dp, 


m —e€ 
whidh, because of the absolute integrability of f(u), tends to zero with є. 


Thus this part may be neglected. 
Again, it is well-known that 


_ mw» Fo {e-a} 1 
Pues I(n--1) [ (2 sin ej + 2.(2n+3) 


eos f (n+4)0—1 pep Í cos(a po- E} 
X—as 2b — 0758.4 б 1 8)(9п--5ў (eno 





(2 sin b? 
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Therefore 
(n-$1)2P 41 GOP (в) — P (@)P aga (и) ` 
ap ~ 
— (n+l) 2 Ll. 
сов 0 —008ф + Vain 0 sin $ 
к 2n-- 
x Í cos 0— Z) cos ( з! $—4) 


on (Melos) Q1) 


ср. ЕИ : .. (1) 
(sin 6 sin Ф) 
where О, is bounded for every n, 0 < 0 < =, 0 < 9 < т. 


It is easily seen that the expression within the crooked brackets in 
the right side of (1) is 


sin (n4-1)($—0)sin ees —cos (n+1)(0+¢) sin —— 2- CA 


Therefore the right side of (1) is equal to 


` 





(n--1) ( sin (n+1)(0—$) — сов (n+1)(6+¢4) i 








"Vin Tein 1 gin 0—8 ып OF 
2 
ee ou 
(sin 0 sin ф)* ` 
Hence 
1 @ ote 
(n-F1) JG Q, (zs; i)dp. 
my—e 
20+ P К 
i fü) sinnt 110045), 
E 2v sin 0 sin $, ` in? e 
e, —e 


+terms which may be neglected. 
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ote 
fip) sin (п+1)(00—Ф2 
А |: Ө sin ф, sin Фо a 
96—«$ 2 


=1 eine [ríos (+) } носа] 


putting 0—b, =s, where є, is an arbitrarily small quantity which is 
greater than 0 and depends on e. 


Oase: fleos (s-F,)] --f(oos(—3 +4,)}=cos (а) 
2. In this case 8,(,) behaves as 


fi 

1 \ sin(n+1)s 

Е [sae V(z) dz. 
о 


But, in his famous memoir,* Du Bois-Reymond has proved that 
with increasing n the above integral tends to в limit or not, according 
as 


yer logs, , or not, 


Thus, it is proved that the Fejór's mean of a Legendre series 
converges or diverges together with that of the Fourier series Ї corres- 
ponding to the same funotion, if that function has a finite discontinuity 
of the type of сов v(s). 

The fact that in the case of Fourier series the mean behaves as 


3 (( snm. сов (s) de, 


o 


where a is an arbitrarily small quantity, does make only this difference, 
noticed by Fejér, that in the case of divergence, the mean for the 
Fourier series lies between the upper and lower limits of the function 


whilst the mean for the Legendre series does not lie between those 
limits. 


* “Untersuchungen fiber die Convergenz und Divergens der Fourierachen Dars- 
tellungaformeln," p. 87. (Abhandlungen der k. bayer. Akademie der Wissenscha- 
ften, Vol. XTI, 1876.) 

+ Bee my paper in No, 8 o? this volume. 

£ Bee Math. Ann., Bd, 67, 
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Oase: f {сов (2-+4,) } +f{coa (—s+$,)] =x(s) oos y (2) 
8. In this case 8,(2,) behayes as 


s; 


т 


L (isen (ED? x() eos g(e)dz. 


o 


But for this case Du Bois-Reymond’s result* is that the limit of 
the integral exista or not, according as 


We) log 1, and (в) ве A (9), 
or Js) Dog? 2 
g* 
Lf (z) log 1 a and x(t) меми (2), the limit is non-existent. 
Thus, for x@)=073, Ju)= > 


S, (»,) tends to a limit. 
Some Oases in which m "B, (008 фо) ts nm-ewtstent. 
$ I i 
4. (a) Let x(z)= ( logs, ) yG)z ( log! ) . 
Then X(e) xa ^ d (s). 


Lim 


Therefore | o0 


S. is non-existent. 
ж k 
(b) Let x(s)=( og", ) »¥(s)= (02, у ‚ where m>Q, k>0, 


Then, if m; , x(s) >s (e), 


and the limit is non-existent. 


(с) et (в) =, vs = ци where m>0, k>0. 


* Тоо. ott. 
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Then, if т>, x(z) >z ^" (z) 
and the limit is non-existent. 
Behaviour of Fejérs mean for Fourier. series. 


5. I proceed to prove that for the case (a), considered above, the 
Fejér’s mean of the Fourier series tends to a limit. 


Proofi— ` 

According to Prof. W. Н. Young,* the derived series of the Fourier 
series of a function Fiw) converges (Cl) ata point z,,if one of the 
derivates of F(z) is known to be (1) summable in a neighbourhood of 
2, and, except possibly at a countable set of points, finite and (2) 


LimF(s Se а 
арсар Бог? 


exists; the sum of the derived series is;this limit. 
Now take 


ron fd; 


о 


then the Fourier series of F(;) is easily seen to be 


5 Ao o+ Z, G. sin nz—b, eos n2)—a, zc D sin nz, 


where A=} | fidt, a Mee dt, b, =~ Leo gin nt dé 


—-* wag. -F 
Thus the Fourier series of the function 


1 
G(+) = 79 А, 





oo - 
ig = ы (a, віп nə —b, cos na), 
n=l 


+ “On the convergence of the derived geries of Fourier series” (Proc. L. M. 8., 
Vol. 17, p. 280). 
4 


184 NE GANESH PRASAD 5 


and therefore the derived series of the Fourier series o£ G(e) is 


= (a, сов ne+ b, sin nø) 
n=1 


But E'(m) exists * even at the point of discontinuity #, of f(w) and 
equals zero. Therefore 


Lim G,(z--h)—G,(s—h) _ _1 
\=о oh ss 


ao. 


Also, in the neighbourhood of z,, (а), being f( v) —1a,, is summable 
and its only infinity сап be аб го. Therefore the derived series of the 
Fourier series of G(s) converges (Ol) at a, to —}a,; hence the 
Fourier series of f(z) converges (C1) at a, to 0. 


For the case (b), F'(z;) exists if т< and then the Fourier series 
. of f(x) converges (O1) at zo to 0. 


Similarly for the case (o) if т<Ё<1. 

General result on the difference between the convergence properties. 
6. Generally, the Fourier series t of :f(@) will converge (C1) at 2, 

to 0 if 
x(s)-« I (ә) »logl. and X s, 
2° ITEM wc 
If, a£ the same time, 
х(8) гв /Й(в), 


then the Legendre series does not converge (О1) at д, and we have a 
difference between the convergence properties of the two series. 


* Bee a paper of mine to be published soon. 

+ The question of the convergence (OI) of the Fourier series of a function at a 
point when the fonction has an: infinite: discontinuity.of the second kind will be 
answered at some length in a subsequent communication. 


Bull, Cal. Math. Soc., Vol. XVIII, No. 4, 1927. 
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ON THE STEADY MOTION OF A VISCOUS LIQUID DUE TO THE 
TRANSLATION OF A TORE PARALLEL TO ITS AXIS. 
МОВА р 
SuppHopan GHOSH 
(Oaloutta) 


1. The object of the present paper is to determine the steady motion 
set up in a viscous fluid at rest at infinity due to the translation of a 
tore, with small constant velocity parallel to its .axis. The success of 
the solution depends on the determination: of Stokes’ stream function 
which has been obtained in (23). The force necessary to maintain the 
motion of the tore has been calculated from the stream function. 

9. If (р, z) be the cylindrical coordinates, then the corresponding 
components of the velocity of the fluid (u, v) are expressed in terms of 
Stokes’ stream function by 


218 „__1 ay E 
pes?” i 5 e. (1) 


In the ease of steady motion in а viscous liquid, y satisfies the 
equation* 


a , 8? 1a] y=0 «8 


If the solid be'moving with constant velocity V in the positive 
direction of the z-axis, the boundary conditions to be satisfied by у, 
on the assumption of no'slipping ab the surface of the solid, are 


DY ова SY y .. (3) 


д Өр a 


* Lamb. Hydrodynamios. (4th edition) p. 592. 


156 SUDDHODAN @новн 


The equation (3) can be replaced by 
Vie Yao, QD W+ip"V)=0 a (4) 


where ndenotes the outward-drawn normal to the surface. 
The total force exerted by the fluid on the solid has been shown by 
Stimson and Jeffery* to be given by 


pe hea En EN © 


where k is the coefficient of viscosity ; the integral is to be taken 
round 8 meridian section of the solid. 

3. If we use curvilinear coordinates (a, 8) in the meridian plane 
given by 





А 2+ slog а. z (6) 

"we have 
mc c a шс m 

and 
w= (Be =) + (3s -y- BU m 
a* 

so that 

uc | 1. 08 


a 


Tho curves a=constant and 8=constant are two systems of ortho- 
gonal coaxial eircles in the plane of (p,2), the distance between the 
limiting pointe being 2a. The surfaces obtained by rotating the curves 
a=constant about the axis of s are a system of tores. 


* “ The motion of two spheres in a viscous liquid", Proc. Roy. Boo, Vol. 111, 
Ber, A, p. 110. 
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4, Let us first start with the equation 


e+ 8* 19 
+ an 28; |#=0 


If реў (а), the equation (9) can be transformed into 





a+, 0° 1 Op Ө 18» Ә Ту 
ða t ðf! p ða Ba р BS 88 
If we now put у= мр ф T 
and make use of the relations 
Ә?рӘ?р_ 
Ja 8p 
3 а 
Bp Se) =l 
xs ( 9") Ы ( 85) ie 











In our co-ordinates,'this equation takes the form 


Os, Bs 8 
ба? ' Bp* sinh" O 





To obtain & solution of (12), let us assume that 
p=U cos (nB+e) 
where U is & function of a alone. 


dU anu 3U _ 
4e "Us 
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(9) 


(10) 


(11) 


(12) 


(18) 


Then U satisfies the equation 


(14) 
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Put U=1/4 вїпһ as 


then H satisfies the equation 





p) ET e poe uuo 


1— d 


where д =cosh a. 
A solution of (15) can be written as 


H = Pei (p) dp. 


which, with the help of the recurrence formula 


Рф (2) Pha (p) =9 P ng (a) 


% 


reduces to 


H=LIP, у ()—P,-T U] 


.. (15) 


(16) 


except when n=0. In the latter case, with the help of the formula 


Рбн) C aP' (н) -3P -, (u) - 
we have | 


п=[иР-ү (à) РАСЫ] 


Therefore we have, as а solution of (12 ^ . .-'" 


$= Ag(uP_y —Py)+ ">м (P, .4—P, 4 41008 (nf €)... 
noz 


Similarly we can prove that 


$-B.(4Q ,-Q)* E B, (Qs; Que poolne) .. 


is also a solution of (12). 


7 (16a) 


‚ (17) 


(17a) 
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The complete solution of (9) can now be written in the form ^ 
y =(и—вов8) %[{А„ (wP_y —Py)+Bo(uQ-7 —Qy} 


ET Оо 


+ 21 {An (Pr—g— Ps + +В, (9,4—9 «4)]008 (nB+e)] ..: (18) 


5. Tt us now try to solve the equation (2). Since the operator 


is linear in z, we oan easily show that 


E oy, 
yoy, +z 9: 


ів a solution of (2), if J, and y, are any two solutions of (9). Again, 


O Vs is also a solution of (9), we can replace the above expression 


since ; ут ° 
for y by | 


Poy Кар. E (19) 


Substituting the values of y, andy, from (18) in (19) and only 
keeping those terms which make the velocity zero at infinity, we have 


1 "a= оо 
V-(u-cosB) * E (a, cos nB+b, sin 96)» 
n=O 


n оо 
+sin В(ш— сов) Z (cn cos nB+d, sin 96) У. ... (20) 
n=O 
where Vo=pP_3 —Py 


and  ' ^ ONG cPa-p-Pa.p for n > 1 
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With the help of the recurrence relations 


pV, mV. AN, 


_ 98—38 954-8 QU 
and BV. = aI) Varta i nti ; 
for > 2 
—— 
the equation (20) can be written as 
y (uos) (CA nV, Bo Vi) 
nes оо 
+ = {(А„ Va-1+ By Ул +1) cos n8+ 

he 2 


(On Ya-i+D, У, + 1) sin nB}] ow (22) 


6. In the case of the steady motion of a tore in a viscous fluid 
parallel to its axis, let us assume 


Y= (u—oo8 B) 3x .. (28) 


where 
n= oo š 
x=(AjuzV +B,V,)+ „2 (An Vn-1+By Và 41) cos в... (24) 


The boundary conditions (4) become 


a*V(u*—1) 


x=—+ 
(u—cos8)Š 


=} a° V (ut —1) = L4 сов nfs (25a) 
"no 
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0. аҳ .l a*V(u*—1) — a* Vu 
pw (oon) (u—cosß)? 
= ура) 7 =, ИР "=° Tiga’: ¿OBB 
т 
where рат. Qo (a) 
(6— cosp)* 
e» (26a) 
a сов SB 272 Qn (u) 
(p.—cosg)* E 


T 
i| 4B. 93 dQ, 
(p—cosB)* EUM 


uc 15 „Вав ve. (260) 
(»—cosp)* 


_ 4⁄2 dQ, 
т ар 


If the boundary be given by p=p, (a=a,) then at p=po 
AV +B, V, = —{а*У(и* —1)L, 


(27) 
A Va Asa o У» +В, To -leVv(st-1)M, asVaD, J 


and for n > 1 
E c E ) 
A.V s-1* B, V441—— ga* V(j* — DL, 
(28) 
A, Weng p Ven =l aV (ut 1M, a! Vu, 
dp åp 4 


5 
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Simplifying with-the help of the relations 


av, _1 
S =z Py 





Q 
ЕЈ 


. dv. _ : 
апа au =— 2n Ри. |, forn > 1 


-— 


we get 


1 t 
A, | ЖУ, +V oP, +Z .Р-+] 


=aty | —(*—1)ьРу +2. BMG, LF: | 


AE" (89) 
Bo[ V, V. +n YP, + Lov. P; | 
em [Joeman fred }+ noa. 
—pL. Vo] J 

and forn > 1 
À, | e Vat E, 44—(—1)V..i Pat] -- 

= Кау | (10° — DE,P5 , ; 

+4 (ut —1) M, Vara =L, Vans | ! 

| (50) 


B. КСА —@—DV,,.iP,-,] 
1 
=} aV| ahut, Pag 


-7 (а —1)M,V.., t pb. Vam 


po being put for » in the above expressions for A,, B,, A,, B,. 
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Thus the stream function is completely determined. 


7. In order to caloulate the forces’ necessary to maintain the 
motion of the tore, we substitute the value of уіп (5) and find, after 
some calculation, that 


E-— 





Qa k gx | 
А [а.г { 3. вовча у, u (22 , — 2. sinh*a Py )} 


— ZAM, sinh*a ( sinh*aP _, +6nV, ) 
-LA Mop f 3 sinha cosh аР .=+(Д®-оовһга—@ sinh*a) v.d 


++BM, í: (12 cosh*a—8 sinh*a)V, +12 sinh*a cosh а Р, l 


+A,N, ыһа sinh*a coshaP_3 «x sinh?a-— Š oosh*a) va} 


-В,№, sinh*a§ 6 віпћ ёа Pi +5 cosh a У, Я 


E 
G n=l 


| tain DA; d (%—1) sinh*aP,_» +cosh ev... 
+4n(2n+1) BAL, 1 (n-r 1) sinh*a P. +cosh a Veen} 
+i AM, f 12(n—1) sinhfojposh аР 


+(2n—8) cinta V., +12 cosh*aV,_, 
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++ BM, { 12(n+-1) sinh? a cosh аР, 
— (25 4-3) sinh*a Vaq, +12 cosh*e V ,,, } 


—9 A.N, віпһза { Xn —1) sinh*aP, 3 +5 cosh aud 


—8B7N, sinh*a í 2(n+1)sinhsa P.,; + 7 cosh аУ, 4; a (31) 


where Lo, My, La, M, are given by (26а), (265) and 





х1 dB _4/9 4:0, 
° = { Sr ар? 
о (u—cosB) ai 





w 
N e сов nBdB |. 84/2 d'Q, 
` = » {асов В) Зт dp?’ 

In the above expression, a із to be replaced by ag. 

The numerical calculations for F are, however, rendered extremely 
difficult by the appearance of the functions P, of fractional order in the 
solution. 


In conolusion, I wish to express my thanks to Dr. N.R. Ben for 
guidance in course of the work. 


Bull. Oal, Math, Soc., Vol. XVIII, No. 4, 1927. 





ON KIEPERT'S SOLUTION OF THE GENERAL EQUATION OF 
THE FIFTH DEGREE 


BY 
NEIPENDRANATH (iHosH 


(Calcutta University.) 


1. In a paper entitled “Aufigsung der Gleichungen fünften 
Grades" published in Cyelle’s Journal, Vol. 87, Kiepert gave all the 
formule necessary for the solution of the general equation of the fifth 
degree; but he did not illustrate his method by means of any numerical 
example. Asa matter of fact, there was a difficulty in his doing so, 
because he retained in the set of his formule some ambiguities of sign 
unexplained. In the year 1907, Morgenstern* noticed this imperfection 
in Kiepert’s method and with a view to throwing light on this obscure 
point he started with some numerical equations and by carefully study- 
ing the nature of their solutions, he was led to formulate in a definite 
way the method of Kiepert. The object of the present paper is to 
study the same question by a method which serves to explain the 
ambiguities in 8 clear and convincing manner. I have been careful to 
give an idea of Kiepert’s method to avoid abruptness in the treatment. 
It is believed that my treatment of the defect in Kiepert’s method is 
an improvement on Morgenstern’s treatment. 

2. The first step in Kiepert’s method consists in reducing the 
general quintic equation 


5 -+ Agt + Ва? +02 + Do+ E=0 
- to the form 
s? -- 5153 —5ms-+n=—0 


by means of the transformation 
g=z*—uzn+t 


where w and v have to be chosen in а suitable manner. For this pur- 
pose, I eliminate z between the equations 


25-- Aat 4 Bo? + Са? + Da 4-E —0 апа 23 —uz + 6—z=z=0 


* Beitrage sur Numerischen Lösung der Gleichungen Funften Grades (Halle, 1907). 
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and write the eliminant directly as | 
(e, °+Az,*+Bz,?+0s,*+De,+5)(c,°+As,*+Br,°+Cr,*+De, 

. +E)=0 
where 2, +z, and 2,+, are:to be replaced by uand v—z respectively, 
Performing this operation, the eliminant appears in the form 


(o—2)* + (v—z)*(Au—2B 4- A*) + (o—2)* {Bu" +(AB—30)u+9D 
~2A0+B} 
4-(0—2)2 (Ou* +(AC—4D)u? + (5E—3AD+4BC)u +0? +2AH—2BD} 


+ (0—8) (Du* -(AD—5EJu* - ( BD—4AE)u* +(OD—8BH)u+D* 
—9ОЕ} 
HE(u5--Au*-FBu*-FOu* --Du--E)z0 ... E .. (1) 


Let's and v be so chosen. thab.thé: co-efficients of s* and-z? in. (1) 
are each equal to zero, i This is satisfied if u and w are such’ that 


(2A*—5B)u* + (44* —18AB --15C)u;-(2A* —8A* B --10A0 


+8B*~—10D)=0 | s (2) 


and by= —AÀu—A*--2B 
‘Putting now 
-B= —O(u*- --Au* 4-Bu--C)HiD(4u? -H3Au-E2B) —E(5u--2A) . 
—10»* 
m —D(u*-F Au! +Bu! --Ou-- D) :-E(5u* 4Au! -3Bu4-20) (3) 
4250* 451016 
n= =H (ut Ан Bu? + Ои + Du Е) —v — 510° -- mo, 
the equation (1) may be written as 


B 


s*4513* —bÓmi- n0 . (4) 
3. Following Kiepert, I nert take the quintic 
A*y* 10 Ду 45A y —216g, =0 e (5) 


where A stands for g,*—27g,*, g, and g, being two arbitrary npara- 
meters. 


Putting s= — 3, ‚ it is found, by.a similar method, that, the 


equation (5) is transformed to 
gy bLis*—5bMz--N=0 .. (6) 
where 


1798 g,*AU=8A%a° —72 AaB? +216 g, (Aa? B—B*) 
1728 ga AM=A*a* +18A0*p* —278* 4-216 g,B*a | e (7) 
1798 9,5 A 1N таз ЛОД taf? +45 Aaf* 4216 g, B° 


¿+ W 
е шл 
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As.the-equations (4) and.(6)-have the-same.form, it follows that the 
former admits of being transformed to the equation (5) by means of the 
transformation 


= —- а-нВу, š . (8 
£ S+ Ду?’ ase .. ( ) 


if .a, B, ga, gs can be so chosen as to satisfy the equations 
1728g,* Al=8A*%a*—72Aaf*-42169,(Aa*B—B?),, ` 
1728р „* Am= A at +18 Aa*B*—278* +916g, Ba, . (9) 
1728g,* A®*n= Atas 410A *а° B* +45 Aaf* +2169, 8°. 

‘Thus the solution ofithe general.quintie is made:to: depend on that 
of the equation (5), the well-known Brioschi’s resolvent, 


4, I proceed now to the reduction of'the equations (9). 


Multiply the second by Aa and subtract the last from this : 
then : 


1728g,* A*(am—n) 28A *a* 8* —72 AaB* -- 216g, 8* ( &a* В— 8° у 
—17289,* Alp?. 
Therefore (am—n) A -lB* ie .. (10) 


Eliminate g, between the last two equations :. then. 


1728 93 A (Ana— mB*) (Aa? 4-98*)5, 


whioh by means of (10) becomes 


1728 g2 l*'(nla—m?*a- тп) = A(a*l--3am—8n)* .. (11) 
Using the equation (10), the first two equations may be written: 
1728 g ?1* =81A at —72Aa(am—n) £216 g,8(a"l—am-+n), 
1728 g^ mi* = Al*a* -18Aa*l(am—n) —27 A (am—n)* 
-- 216g, Bal(am —n). 
92 be now eliminated, then 
216 g,B(nla—m*a--ms) 


c A(l*a4 +104310 —18a* In --40a* m* —18omn —27n*)  ... (12) 


e 
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Thus the equations (9) may be replaced by the equations (10), 
(11) and (12). 


Put then 
2*[--3am — 3n =p. 
fila —m3a-4-mnq 
and lat --10a* im — 18a? In -+ 46a? т* —18amn—27n* =r, 


From the relation g2=A+27 g>, (11) may be written : 


1728x27 gl q— A (p? —17281%4) .. (13) 
Squaring (12) we have alao 
216x 216 g?B'e = Af .. (14) 





From (18) and (14), 


which by (10) becomes | 


g(am—n) _ LE 


i^ pt —172315q ` 
By в somewhat laborious calculation the КЕ may Ъе simpliñed to 


р° (Kat +ра+у) =0, is ~... (15) 


where А, m, v denote respectively 


1* —imn--m?, 
11i m-in?—2m*n, 


and —971*n 4-641? m? --mn*. 


f 


‘tr 


r: 





— 
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5. Let us now discuss the procesa through which the equation (4) 
is transformed to the equation (5). For this purpose, we shall consider 
the equations (10), (11), (12) and (15). 


Calculate a from the equation (15), 


£6, Aa*+pa-y=0. ase we (15) 


Take any one of the values of a aud find the values of р, g, 
corresponding to it. From the equations (10), (11) and (12), 


£ й A and d are all known quantities. Represent them by a, b, c, 


respectively, then we have 








g,—— [ ... (6) 


go that 8 remains to be chosen arbitrarily. In particular, let 8=a. 
then the equation (4) is transformed to the equation 


a*y* +10a%y? + 45ay —2160—0 we (17 
by means of the transformation 


s= Toy S. 
9-Fag? 

The equation (17) is different for a different choice of f, but it із 
easy to see that $n whatever way B may be chosen the roots of the equation 
(4), as determined from the value of z, are not affected. A convenient 
choice of f is, therefore, sufficient for our purpose. 


lf, however, we agree to maintain the signs of A and g, 


invariable in the equation (5) then the sign of В will depend upon the 
sign of c. For, from (16) we have 


А28. 
fa © 


^y 
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6. It will now be interesting to obtain those formulae which Kiepert 
adopts. : 
Assign to A a value el*g where cis either +1 ог —1; then 


B* should be «al*g which by means of (15) readily reduces to 
Kiepert’s form, 


gè —d*qb-e Р. 1758 whence 12 ç, =e, ~ 


| їз 
I I _ Bo _ «с E E К " 
ga P = B . `, | 


From what has been remarked before there is no difficulty with 
regard to the choice of B: Kiepert omits the last formula which deter- 
mines the particular sign of 8 to be chosen. Morgenstern includes 
this but omita the first as comparatively unimportant. 

In conclusion, I wish to express my thanks to Prof. Ganesh Prasad 
who kindly suggested the problem to me and has taken great interest. 
in the preparation of this paper. 


Bull. Cal. Math. Soo., Vol, XVIII, No. 4. 
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